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What this guide does
TransportNetworkWelfare.jl ranks small improvements to existing transport links by their effect
on economic welfare. It takes directed flows, location shares, and calibrated elasticities as inputs
and reports three welfare measures: the Traditional traffic-based statistic, the full realized-cost
effect, and the Extended primitive-cost effect. At an efficient benchmark, the traffic share measures
the first-order welfare effect even after routes, modes, prices, and economic activity adjust. With
congestion or spatial externalities, the full-model effects also account for the welfare consequences of
those adjustments. Comparing the realized- and primitive-cost effects measures pass-through. The
package reports the model comparisons and numerical checks needed to interpret these differences.

The guide develops this comparison through a reproducible 25-location economic-geography grid
with a transit spine. The reported effects are marginal gross benefits, not complete project
appraisals. Construction and financing costs, safety, pollution, distributional effects, and transition
dynamics must be assessed separately. The worked example runs from a fresh clone without
external application data, private credentials, an Overleaf checkout, or Python plotting packages.
The U.S. freight and Seattle applications require external data. The Sioux Falls and Westeros
builders download and verify their source files rather than storing them in the repository.
AI-use disclosure. Generative AI tools assisted with portions of code and test development, debugging, documen-
tation and prose editing, mathematical checks, and visualization. The authors are responsible for the final material
and any remaining errors.

1Please cite the paper for the method and the guide and tagged software release for the documentation and code: Treb
Allen, Simon Fuchs, and Woan Foong Wong (2026), From Social Savings to Spatial Equilibrium: Evaluating Transportation
Improvements in Quantitative Spatial Models, manuscript; Treb Allen, Simon Fuchs, and Woan Foong Wong (2026),
Transport Network Welfare: Theory, Computation, and Practice with TransportNetworkWelfare.jl, practitioner guide for
version 0.2.0; and Treb Allen, Simon Fuchs, and Woan Foong Wong (2026), TransportNetworkWelfare.jl, version 0.2.0,
https://github.com/sfuchs-de/TransportNetworkWelfare.jl. Cite the tagged software version or commit used in the
analysis. Adaptations should also describe and credit substantive contributions from the code, derivations, example builders,
and underlying data.

https://github.com/sfuchs-de/TransportNetworkWelfare.jl
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Reading guide

The guide has four parts. Part I gives a stand-alone route from data to results. Parts II and III form
the detailed guide: Part II develops the economic argument, and Part III turns that argument into data,
software, and applications. Part IV collects technical material that is easier to consult separately.

Document structure

Part I: Quick start. Section 1 is a stand-alone operating procedure for a new application. It distinguishes
the economic-geography and urban-commuting models, states the input accounting conditions, shows the
required �le schemas and con�guration choices, and gives the commands for validation, analysis, and
decomposition. Begin there when the immediate question is whether an existing network dataset can be
used with the package.

Part II: Detailed guide�theory and welfare. Section 2 �xes the policy experiment, the three
reported welfare measures, and the boundary between model-implied bene�ts and project appraisal.
Section 3 then de�nes the economic-geography and urban models together with their shared transport
equations. Section 4 uses those de�nitions to establish the tra�c result, derive the extended welfare
elasticity, and decompose the di�erence between the two approaches.

Part III: Detailed guide�implementation and applications. Section 5 states the data contract,
follows the software calculation, and gives the numerical and reporting checks. Section 6 applies the
complete sequence to the public multimodal grid. Section 7 distinguishes the audited U.S. freight results,
whose replication requires external data, from the urban and Seattle extensions. Section 8 collects the
interpretation and reporting requirements for a result.

Part IV: Reference appendices. The appendices are reference material rather than another stage
of the main argument. Appendix A maps notation to code; Appendix B records the computational
sequence; Appendix C gives the con�guration and schema reference; and Appendix D states the numerical
tests and tolerances. Appendices E and F summarize the other package examples and document the
sources behind the guide.

Suggested reading paths

Reader's task Suggested path

Adapt a new dataset Section 1; then Sections 5 and 6; keep Appendices C and D open while preparing
the inputs.

Assess the economics Sections 2�4; then Appendix A for the equation-to-code map.
Build an urban or
public-transit application

The model comparison in Section 1; the urban model and shared transport
equations in Section 3; then the urban material in Section 7.

Extend the package Sections 3�5; then Appendices A�D.
Audit or reproduce a result Sections 5, 6, and 7; then Appendices D and F.

Conventions used throughout

The economic-geography and urban models share routing, modal choice, congestion, and primitive-cost
pass-through, but they have di�erent spatial states and welfare projections. Public transit is therefore
a set of modes in the common transport block, not a third spatial model. The guide uses three labels
consistently. The Traditional approach uses tra�c on the improved edge�mode. The full realized-cost
e�ect changes the cost users face after congestion. TheExtended approachis the full primitive-cost e�ect
of the infrastructure-side improvement. Model-ready �ows are an input requirement. Vehicle counts,
passenger counts, schedules, or tonnage require a documented conversion and balancing step before they
enter the package.

ii
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Part I Quick start

A new application fails if its policy unit, �ow unit, and spatial model are chosen independently. Part I
�xes those choices together, documents the source data, constructs model-ready inputs, and produces
validated welfare results, maps, and an archived run manifest.

1 Start a new application

To start a new application, the analyst must construct model-ready node and edge�mode �ows. The
package checks those inputs and computes the derivative; it does not infer economic �ows from raw vehicle
counts, passenger counts, schedules, or tonnage. The steps below de�ne the policy, prepare the two input
tables, validate the baseline, and produce the welfare results.

1.1 Check whether the method �ts the policy

The package is designed for marginal improvements to existing, positively used edge�modes. The following
screen should be applied before constructing the input �les.

Application Implication

Marginal gross-bene�t ranking of existing links with
positive baseline use

Directly supported.

Several small improvements to existing links Use a sparse policy bundle.
New link, new mode, or discontinuous topology change Outside the interior local derivative.
Large change to an existing link Use the derivative as a diagnostic and

compare it with a nonlinear
counterfactual.

Capacity expansion State how capacity changes the
congestion map; a free-�ow cost
reduction is not automatically
equivalent.

Project net present value or bene�t�cost ratio Combine the welfare result with
timing, costs, and omitted e�ects.

Distributional incidence, transfers, or toll revenue Add the relevant welfare weights and
�scal treatment.

�Local� describes the size of the policy perturbation. It does not describe the adjustment horizon. In
the economic-geography model, mobile labor generally gives the derivative a long-run comparative-static
interpretation. The urban model likewise permits residence and workplace adjustment.

1.2 Choose the economic setting and policy

Begin by deciding which spatial response the application requires.

Choice Economic geography Urban commuting

Movement Goods between locations Commuters between residences and
workplaces

Node margins Labor and income Residents and employment

1
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Choice Economic geography Urban commuting

Network �ow Value �ow, in the same price basis
as income

Commuter �ow, normalized by
total commuters

Spatial response Wages and mobile labor Residence and workplace choices
Typical modes Road, rail, and water freight Road, bus, rail or streetcar, and

ferry

Public transit is represented by bus, rail, streetcar, or ferry rows in the urban edge�mode �le. It does
not require a separate transport solver.

Next state the policy. Select a mode, a proportional reduction in primitive generalized cost, and one
of three units: a directed edge, a reciprocal physical link, or both. A physical-link experiment requires
exactly two opposite policy-mode edges with the same physical-link identi�er. Unpaired transit services
remain directed policies.

Feature Status Use

Economic-geography derivative Stable reference U.S. freight and public examples
ChoiceLogsummodes Stable reference Active multimodal speci�cation
Edge-local congestion Stable reference Headline freight speci�cation
Fixed-route decomposition Veri�ed, memory intensive Moderate networks after the memory pre�ight
Endpoint-terminal congestion Veri�ed extension Requires an application-speci�c elasticity
Multimodal urban derivative Veri�ed extension Requires commuting inputs that satisfy the ur-

ban accounting identities
Seattle work�ow Candidate application Additional ridership, cost, and calibration evi-

dence required
ComponentCES Legacy only Historical reproduction

1.3 Install the package and initialize a project

The package API is version 0.2.0 and requires Julia 1.10 or later. Continuous integration tests Julia 1.10
and the current stable release on Linux, macOS, and Windows. Git is needed to clone and update the
repository. Running the package requires Julia; building this PDF additionally requires make, latexmk ,
Poppler, and qpdf . Release-maintainer checks also use Python, but the grid analysis and guide build do
not.

Clone the package and instantiate its committed Julia environment:

git clone https://github.com/sfuchs-de/TransportNetworkWelfare.jl.git
cd TransportNetworkWelfare.jl
julia --project=. -e 'using Pkg; Pkg.instantiate()'

Keep each empirical application outside the package checkout. From the package directory, create either
an economic-geography or urban-commuting project:

julia --project=. bin/tnw.jl init ../my-freight-network \
economic_geography

julia --project=. bin/tnw.jl init ../my-commuting-network \
urban_commuting

Omitting the �nal argument retains the economic-geography default. The command writes the model-
speci�c config.toml and seed CSV �les, asources.toml provenance ledger, a preprocessing entry point,
and a project README:

my-network/
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config.toml
sources.toml
data/nodes.csv
data/edge_modes.csv
scripts/prepare_inputs.jl
figures/

It refuses to overwrite a nonempty directory. The seed inputs run immediately, providing an installation
check before the analyst replaces any data. The preprocessing script marks where a reproducible raw-to-
model-ready conversion belongs, but it does not guess how vehicle counts, passenger records, or schedules
should be converted into the �ows required by the model.

The self-contained examples ordinarily �nish in under a minute after Julia precompilation. Runtime
depends on hardware and network size. Beforedecompose, validate reports the estimated memory for
the �xed-route incidence matrix; ordinary analyze omits that dense matrix. For the grid used in this
guide, that estimate is 0.000373 GiB.

1.4 Replace the template inputs

For economic geography,nodes.csv contains

node_id,labor,income,longitude,latitude

For urban commuting, replace labor and income with residents and employment. Coordinates are
optional.

Each row of edge_modes.csv represents one active mode on one directed edge:

edge_id,physical_link_id,origin,destination,mode,flow,
origin_terminal_id,destination_terminal_id,
congestion_elasticity

The �nal three columns are needed only for the corresponding congestion speci�cation. A missing mode
row means that the mode is unavailable. Listed �ows must be �nite and positive. Parallel physical routes
require explicit intermediate nodes; they cannot share the same ordered endpoint pair under di�erent
edge identi�ers.

The baseline must satisfy the accounting identities of the selected model. Economic-geography inputs
require X

j;m

� ij;m =
X

j;m

� ji;m :

Urban inputs instead require
lFi +

X

j;m

� ij;m = lRi +
X

j;m

� ji;m :

Construct any balancing, geographic matching, price conversion, or modal rescaling in a separate prepro-
cessing step. The generic adapter does not perform those transformations silently.

Normalize economic-geography labor and income shares to one. Normalize urban residence and
workplace margins separately to one. Divide economic-geography edge value �ows by the same world-
income aggregate and urban commuter �ows by the same total commuter count. Edge tra�c itself
generally sums to more than one because one shipment or commuter can traverse several edges. Modal
shares sum to one within a directed edge.
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1.5 Convert standard source data into model inputs

Most applications begin with several data products rather than the two tables read by the package. A
node geography supplies the unit of analysis, an origin�destination table supplies residence�workplace or
production�consumption margins, a network �le supplies available links, and tra�c or ridership evidence
supplies baseline use. These sources must refer to a common year, geography, population, and �ow unit
before they can be combined. The table below gives common starting points and the construction each
one supports.

Object Common source Use in the project

Location boundaries
and centroids

National statistical-o�ce
boundary �les, such as ONS
MSOA boundaries (O�ce for
National Statistics, 2021), or a
locally maintained GIS layer

Choose node identi�ers, calculate centroids,
and provide the polygons used for maps.
Preserve the source coordinate system until
the �nal export.

Residence�workplace
�ows

Census or administrative
workplace origin�destination
tables, such as ODWP01EW
for England and Wales (O�ce
for National Statistics, 2023)

Construct urban residence and employment
margins. These tables describe OD
commuting, not the directed edge �ows
that the package reads.

Road and rail
geometry

Agency GIS �les or
OpenStreetMap extracts,
including the downloadable
Greater London �les
distributed by Geofabrik
(Geofabrik, 2026)

De�ne directed links, reciprocal
physical-link identi�ers, intermediate route
nodes, and map geometry. Record the
extract date and license.

Transit service GTFS, timetable, and
station-location feeds, such as
TfL's open data (Transport for
London, 2026b)

De�ne stops, links, service availability,
travel times, and transfer opportunities. A
schedule is not a passenger-�ow
observation.

Tra�c or ridership Count stations, ticketing
records, passenger OD matrices,
or freight-value records; for
London, TfL network-demand
�les and ORR station and OD
data are useful sources
(Transport for London, 2026a;
O�ce of Rail and Road, 2024)

Allocate OD demand across directed
edge�modes and check the resulting tra�c
against independent counts. Station entries
and exits alone do not identify
segment-level �ow.

Generalized cost and
congestion

Timetables, speeds, fares,
transfer penalties, capacity
data, and local engineering or
econometric estimates

Construct baseline cost components and
choose elasticities. Keep values transferred
from another setting in a sensitivity range
rather than presenting them as local
estimates.

The package automates the calculation after these sources have been converted into one internally
consistent baseline. It automates schema checks, route reconstruction, physical-link pairing, the welfare
derivative, the decomposition, sensitivity paths, manifests, and standard network �gures. It does not
automate source-speci�c geocoding, the valuation of physical freight or passenger counts, OD assignment,
or the reconciliation of incompatible populations. Those decisions belong inscripts/prepare_inputs.jl
and must be described insources.toml . A typical source entry records a stable identi�er, URL or local
logical path, vintage, license, retrieval date, and SHA-256:
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[sources.workplace_od]
title = "Census 2021 workplace flows, ODWP01EW"
url = "https://www.nomisweb.co.uk/sources/census_2021_od"
vintage = "2021"
retrieved = "YYYY-MM-DD"
license = "Open Government Licence"
sha256 = "replace-with-downloaded-file-hash"

1.6 Prepare geometry and standard �gures

Coordinates in nodes.csv are enough for a schematic map with straight links. For geographic maps,
retain a polygon basemap and a line layer in the same projected coordinate system as the node coordinates.
The generic plotter accepts GeoJSON. Each line feature must containphysical_link_id ; polygon and
line features in the basemap need no package-speci�c attributes. Shape�les and GeoPackages can be used
directly in QGIS, or converted once with GDAL:

ogr2ogr -f GeoJSON -t_srs EPSG:27700 \
data/link_geometry.geojson raw/network_links.gpkg

ogr2ogr -f GeoJSON -t_srs EPSG:27700 \
data/basemap.geojson raw/msoa_boundaries.gpkg

The CRS in these commands is illustrative. The analyst must choose one appropriate to the application
and use it consistently across nodes, links, and polygons.

After analyze or decompose, create a welfare map with:

python3 "$PKG/plots/network_example.py" \
"$APP/data/nodes.csv" "$APP/data/edge_modes.csv" \
"$APP/output/welfare_physical.csv" \
"$APP/figures/welfare-map.pdf" \
--metric primitive_F \
--link-geometry "$APP/data/link_geometry.geojson" \
--basemap "$APP/data/basemap.geojson"

python3 "$PKG/plots/hulten_vs_welfare.py" \
"$APP/output/welfare_physical.csv" \
"$APP/figures/traditional-versus-extended.pdf"

The map command also accepts a PNG output and�transparent . Without �link-geometry , it draws
straight links between node coordinates. The second command draws the Traditional-versus-Extended
comparison on common axes and reports Pearson and rank correlations. For publication maps that require
labels, insets, or several policy layers, joinwelfare_physical.csv to the line layer by physical_link_id
in QGIS or another GIS package. The numerical output remains the source of the color scale; the GIS �le
supplies geometry rather than welfare data.

1.7 Edit the con�guration

In the generated config.toml , the spatial_specification �eld selects the economic-geography or
urban commuting model. The con�guration then supplies the corresponding spatial parameters and route
curvature.

Set modal_specification to choice_logsum and supply the modal elasticity � . The congestion block
selects edge, endpoint-terminal, composite, or no congestion. The remaining �elds de�ne the policy mode,
policy unit, shock fraction, output directory, data units, and all transformations applied to the inputs. Do
not retain template parameter values merely because they pass validation. Each value needs an empirical
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source or a stated sensitivity range. Appendix C gives the complete con�guration and schema reference.

1.8 Validate, analyze, and decompose

For an application outside the package checkout, use explicit paths:

PKG=/path/to/TransportNetworkWelfare.jl
APP=/path/to/my-network
julia --project="$PKG" "$PKG/bin/tnw.jl" validate "$APP/config.toml"
julia --project="$PKG" "$PKG/bin/tnw.jl" analyze "$APP/config.toml"
julia --project="$PKG" "$PKG/bin/tnw.jl" decompose "$APP/config.toml"

validate checks schemas, identi�ers, accounting, route contraction, modal interiority, policy pairing,
congestion keys, regularity, and condition numbers. Runanalyze for the full welfare derivative. Run
decomposeonly when the reported �xed-route memory requirement is feasible.

CSV/TOML inputs ! schema, units, accounting, and route reconstruction
#

bilateral �ows, modal and congestion maps! model-speci�c spatial Jacobian
#

equilibrium response and welfare projection! directed and physical-link welfare derivatives
#

model decomposition, diagnostics, and hash-bound run manifest

Figure 1: Data-to-result work�ow. Application-speci�c preprocessing precedes the generic package; each package
stage checks its output before the next stage uses it.

1.9 Read and preserve the results

analyze writes welfare_directed.csv and, when requested,welfare_physical.csv . decompose
writes the corresponding decomposition_*.csv �les. The run also writes diagnostics.json and
run_manifest.json .

A positive reported elasticity is a welfare gain from a primitive-cost reduction. For a small reduction s,
the approximate percentage welfare gain is100s times the elasticity. Compare hulten with primitive_F
to see whether equilibrium adjustment changes the tra�c-only ranking. Interpret a decomposition only
after its identity residuals and condition diagnostics pass.

For example, the highest-ranked grid road link is Row 3, columns 3�4. Its output row reports:

physical_link_id hulten realized_F primitive_F

H_r3_c3 0.021040 0.022809 0.010177

Thus the Traditional approach gives the tra�c-based elasticity 0.021040, the full realized-cost e�ect is
0.022809, and the Extended approach gives the primitive-cost e�ect 0.010177. A one-percent primitive
improvement implies � logW ' 0:00010177, or approximately 0.010177 percent. Section 5.2 de�nes the
remaining output columns.

Retain the manifest for each result vintage. It records the package commit, con�guration, source-ledger,
input, and output hashes together with the parameters, transformations, and diagnostics.

1.10 Planning an Elizabeth Line application

Suppose the policy question is which operating Elizabeth Line segment would yield the largest gross
welfare gain from a small reduction in generalized travel cost. This is an urban-commuting application
because residence and workplace margins di�er and commuters can use road and public transport. It is
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also a marginal application. The package can rank improvements to positive-�ow segments of the existing
line or evaluate a bundle that improves the operating corridor. It cannot recover the e�ect of opening
the central section from a zero-�ow baseline. That question changes the available network and requires a
�nite counterfactual.

Begin with the urban sca�old:

PKG=/path/to/TransportNetworkWelfare.jl
APP=/path/to/elizabeth-line
julia --project="$PKG" "$PKG/bin/tnw.jl" \

init "$APP" urban_commuting

Use 2021 MSOAs or another stable London geography as nodes. ONS ODWP01EW reports counts by
residence and workplace area; their row and column sums provide resident and employment margins
(O�ce for National Statistics, 2023). Census Day fell during the March 2021 lockdown, however, so these
�ows are not a post-opening commuting baseline and must be treated as an initialization or replaced with
more representative OD evidence (O�ce for National Statistics, 2022). The source ledger should state
that limitation directly.

TfL timetable and station feeds identify the Elizabeth Line topology, travel times, and stations, while
the Greater London OpenStreetMap extract can supply roads and detailed line geometry (Transport
for London, 2026b; Geofabrik, 2026). TfL station footfall and ORR station and OD statistics provide
post-opening evidence on use (Transport for London, 2026a; O�ce of Rail and Road, 2024). None of these
sources alone is a complete segment-level commuting matrix. The preprocessing script must reconcile
their vintages, assign OD commuters to road and transit paths, and report how closely the resulting edge
�ows reproduce the observed station totals.

The model-ready urban node �le contains normalized residents and employment. The edge-mode �le
contains separate road and rail rows, directed commuter �ows normalized by the same total, and terminal
identi�ers where transfer congestion is modeled. Setmode = "rail" in the policy block. Use unit =
"both" only where the two directions form a valid reciprocal physical link; otherwise retain directed
policies. The freight value � = 1 :099 can provide a transparent starting point for sensitivity, but it is not
a London estimate. A preferred application would estimate or calibrate modal substitution from London
evidence.

Before running the model, edit the following �elds in place, retain the other generated input and
output entries, and declare the sensitivity values used in the exercise:

[input]
mode_order = ["road", "rail"]

[model]
modal_specification = "choice_logsum"
eta = 1.099

[congestion]
specification = "none"

[policy]
mode = "rail"
unit = "both"
shock_fraction = 0.01

[sensitivity]
eta = [0.75, 0.90, 1.099, 1.25, 1.40]

The no-congestion speci�cation provides a transparent �rst run when no London-speci�c congestion
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elasticity has been established. An empirical application should add a congestion channel only after
documenting its de�nition, units, and calibration. It should also replace the template's urban spatial
parameters rather than treating them as London estimates. When changing the generated composite
speci�cation to none, delete the generated[congestion.edge] and [congestion.terminal] subtables.
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Once scripts/prepare_inputs.jl writes the two CSVs, the full run is:

julia "$APP/scripts/prepare_inputs.jl"
julia --project="$PKG" "$PKG/bin/tnw.jl" \

validate "$APP/config.toml"
julia --project="$PKG" "$PKG/bin/tnw.jl" \

analyze "$APP/config.toml"
julia --project="$PKG" "$PKG/bin/tnw.jl" \

decompose "$APP/config.toml"
julia --project="$PKG" "$PKG/bin/tnw.jl" \

sensitivity "$APP/config.toml"
python3 "$PKG/plots/network_example.py" \

"$APP/data/nodes.csv" "$APP/data/edge_modes.csv" \
"$APP/output/welfare_physical.csv" \
"$APP/figures/elizabeth-line-welfare.pdf" \
--metric primitive_F \
--link-geometry "$APP/data/link_geometry.geojson" \
--basemap "$APP/data/basemap.geojson"

The �nal map ranks marginal improvements to the represented operating segments. A complete appraisal
would add construction or operating costs, reliability, crowding, emissions, distributional incidence, and
any bene�ts from new trips outside the maintained commuting baseline.

1.11 Acceptance criteria

The data are ready when their �ow unit matches the selected spatial model and congestion elasticities, and
when the accounting and route-reconstruction checks pass. The policy is ready when its direction, mode,
reciprocal pairing, and shock size describe the intended experiment. The model is ready when each active
parameter has a documented source, the calculation remains on a regular branch, and �nite-di�erence or
limiting-case tests support any new extension.

The results are ready for interpretation when the sensitivity analysis distinguishes changes in levels
from changes in rankings. At that point, archive the manifest with the model-ready inputs so the reported
result can be reconstructed from the same data and speci�cation.

To update the package later, record the commit used for the archived results, fast-forward the package
checkout, instantiate the environment, rerun Pkg.test() , and then revalidate the external project. Part
II explains the economics and algorithms behind each of these checks.

9
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Part II Detailed guide: theory and welfare

The quick start states the required inputs and checks without deriving them. Part II supplies that
derivation. It de�nes the two spatial models and their shared transport block, establishes the tra�c-based
welfare benchmark, and then develops the implicit derivative and decomposition used by the package.

2 Policy experiment and welfare measures

Any welfare comparison is meaningful only relative to a stated policy and baseline. The analysis therefore
begins by de�ning the marginal infrastructure change, then distinguishes the tra�c-based and spatial-
equilibrium measures and states which bene�ts they omit.

2.1 The policy experiment

Suppose an analyst can lower the underlying transport cost on one network link. Which link produces
the largest economic bene�t? A traditional answer multiplies the cost reduction by the tra�c using that
link. This is the social-savings calculation associated with Fogel (1962) and Fogel (1964). It is simple,
data-light, and often informative. It does not require the analyst to model changes in routes, modes,
prices, or locations. Such adjustment does not by itself invalidate social savings. The relevant question is
whether those responses change exposure to congestion or spatial externalities that give reallocation a
�rst-order welfare value.

The package evaluates a local version of that question. A policy is a small change in the primitive cost
of a declared edge�mode. For a directed edgee = ( k; l ) and modem, de�ne the primitive log cost as

� klm = log �� kl;m :

Here �� kl;m is the multiplicative transport or generalized commuting cost supplied by infrastructure before
endogenous congestion. The policy derivative is

�
d logW
d� klm

:

Here W is aggregate welfare in the spatial model de�ned in Section 3. The reported quantity is the
elasticity of that welfare measure with respect to a reduction in primitive edge�mode cost. Multiplying it
by 0.01 gives the �rst-order welfare change from a one-percent improvement. The software reports the
elasticity and records the shock size used for this conversion in the run manifest.

The distinction between a directed edge and a physical link matters. A directed policy changes one
direction. A physical-link policy changes the two reciprocal directions simultaneously and sums their
�rst-order e�ects. The package does not treat an unpaired directed edge as bidirectional.

The package evaluates this experiment in either the economic-geography or urban-commuting model.
Section 3 de�nes their distinct economic adjustments and the transport equations they share. The welfare
measures below apply to both models, with tra�c expressed in the units appropriate to each.

2.2 Traditional and extended measures

Let � kl;m be tra�c on the edge�mode in the normalization of the selected spatial model. It is a world-
income share in the economic-geography model and a share of the commuter �ow in the urban model.
The Traditional approach is

Hklm = � kl;m :
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It is a welfare elasticity, not a raw vehicle count. In the economic-geography model, multiplying by world
income converts the tra�c share to currency units before applying a small proportional cost change. In
the urban model, the conversion depends on the generalized commuting-cost units used to construct the
baseline.

Two full-model e�ects add the responses omitted from this tra�c measure. The full realized-cost
e�ect changes the cost users face after congestion. The Extended approach reports the full primitive-cost
e�ect of the infrastructure-side improvement. Pass-through separates these experiments because induced
tra�c can attenuate the user-facing cost reduction. Both e�ects value the interaction of route, modal,
congestion, and spatial responses with pre-existing wedges. In the urban model, the spatial responses are
residence and workplace choices rather than trade, wages, and mobile labor.

The economic-geography formula developed in Section 4.2 can be written as four factors:

Economic-geography Extended bene�t= tra�c � primitive-to-user pass-through

� common spatial scale� endpoint access value:

Tra�c gives the direct scale of the a�ected activity. Pass-through measures the share of the primitive
improvement that reaches users after transport feedback. The spatial scale depends on the common
externality parameters. The endpoint multipliers measure the marginal welfare value of improving access
at the link's origin and destination after the rest of the spatial economy adjusts.

primitive
edge�

mode cost

realized
user-facing

cost

modes and
recursive

routes

trade or
commuting
equilibrium

aggregate
welfare

pass-through tra�c

tra�c and congestion feedback

Figure 2: Policy transmission and welfare. The policy changes a primitive infrastructure cost. Congestion and
modal adjustment determine the realized cost users face; routes transmit that change to trade or commuting �ows;
the selected spatial model maps the resulting allocation into welfare.

Local analysis separates the model's economic response from assumptions about project scale and
permits a common ranking of many candidate links. The adjoint method also computes all link derivatives
from one equilibrium linearization. These advantages come with a clear limit: a large project can leave
the neighborhood in which the derivative is accurate. Section 5.3 explains how to compare the �rst-order
prediction with �nite changes.

2.3 Bene�ts included in the welfare measure

The welfare measure covers only e�ects represented in the selected model: resource or generalized costs of
movement, route and mode substitution, congestion, spatial externalities, and changes in economic location.
Construction, maintenance, �nancing, safety, environmental, neighborhood, displacement, segregation,
and distributional e�ects remain separate entries in a complete appraisal.

Practical caution. Do not label the output �net social bene�t� unless all material project
costs and externalities have been brought into the welfare criterion. In the paper application,
�model-implied economic bene�t� is the accurate description.

The package therefore complements conventional transport appraisal rather than replacing it. Conven-
tional analysis supplies engineering costs, demand evidence, safety e�ects, and local externalities. The
spatial statistic shows the contribution of observed network use and equilibrium adjustment to the bene�t
side of that ledger. For conventional appraisal, see Small et al. (2024) and de Palma et al. (2011); for
spatial e�ects, see Redding and Turner (2015) and Donaldson (2025).
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2.4 Using the elasticity in project appraisal

Let Ep = � d logW=d�p be the reported bene�t elasticity and let sp > 0 be a small proportional primitive-
cost reduction. The local welfare change is

� log W ' Epsp:

This statement is invariant to the currency used in the input �les. A money-metric conversion requires
an additional normalization. If W is measured in units for which the chosen income aggregateY0 is the
relevant baseline expenditure function, a �rst-order equivalent-variation approximation is

B0 ' EpspY0:

For economic geography, the paper normalizes value tra�c by world income, so the corresponding baseline
aggregate isY0 = Y W , measured over the same period as the income and tra�c data. For an urban
application, the commuter-share normalization alone does not supply a currency conversion; the analyst
must specify the generalized-cost units and the money-metric welfare normalization.

The package reportsEp, not an annualized project value. Treat B0 as an annual �ow only when
the baseline income, tra�c, and welfare normalization all refer to that annual period. A conventional
appraisal then adds omitted bene�ts and subtracts construction, maintenance, �nancing, and other costs
at their own dates:

NPV =
X

t

B t + B other
t � Ct

(1 + r )t :

Transfers such as toll revenue require separate treatment from resource costs. Large projects also require a
nonlinear counterfactual or other evidence that the local approximation remains accurate at the proposed
scale.

The quick start in Section 1 implements these requirements as a data-to-results work�ow. The detailed
argument now turns to the two spatial models and the transport block they share. Section 4 then
establishes when tra�c alone is exact and derives the correction when wedges matter, before Section 5
translates the formulas and required inputs into data and code.

3 Spatial models and shared transport technology

The policy derivative requires two components. A transport block maps edge�mode costs into routes, modal
tra�c, and congestion. A spatial model maps the resulting bilateral costs into economic activity and welfare.
The package shares the transport block across applications and supplies separate economic-geography and
urban equilibrium systems.

3.1 Two spatial models, one transport block

The two models start from the same directed network and the same primitive edge�mode policy. They
use the negative-power modal logsum, recursive route aggregation, �exible and �xed route or mode
comparisons, edge and terminal congestion, and primitive-cost pass-through. They di�er in the economic
�ows assigned to the network and in the equilibrium response projected onto welfare.

Model element Economic geography Urban commuting

Economic movement Goods shipped between locations Commuters traveling between
residences and workplaces

Location margins Labor and income; source and
destination income margins coincide

ResidencelR and workplace lF

margins can di�er
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Model element Economic geography Urban commuting

Network �ow Value tra�c normalized by world
income

Commuter tra�c normalized by
total commuters

Spatial response Wages and the location of mobile
labor

Residence and workplace choices

Welfare projection Common real income or utility under
mobility

� d log$ U =� U

Route curvature � � 1 Commuting heterogeneity � U

Typical modes Road, rail, and water freight Road, bus, rail or streetcar, and ferry

The table separates economic interpretation from transport technology. Road, bus, rail, streetcar, and
ferry enter as modes in the urban transport network; public transit is not a third spatial model. Adding
a mode changes the costs and tra�c available to commuters without changing the residence�workplace
equilibrium. Conversely, using the same road network in the two models does not make their welfare
derivatives identical because their spatial states and welfare rows di�er.

3.2 Economic-geography model

The economic-geography closure turns bilateral transport costs into trade, production, consumption, and
mobile labor. We �rst de�ne those location-level objects, then derive bilateral trade and the transformed
equilibrium used by the welfare derivative.

3.2.1 Production, consumption, and mobility

The economic-geography model in Allen et al. (2026) hasN locations. Location i has labor L i , wagewi ,
productivity A i , and amenity ui . A di�erentiated variety is produced with labor under constant returns
and perfect competition. Consumers have CES preferences with elasticity� > 1. With Pi denoting the
CES price index, indirect utility in location i is proportional to

Ui =
wi ui

Pi
:

Local activity can a�ect productivity and amenities:

A i = �A i L �
i ; ui = �ui L

�
i :

The parameter � is the elasticity of productivity with respect to local labor, while � is the corresponding
amenity elasticity. Labor is perfectly mobile across locations, aggregate labor is �xed, and each worker
supplies one unit inelastically. Spatial equilibrium equalizes utility across occupied locations and clears
goods and labor markets.

These assumptions determine the economic-geography welfare formula. Perfect mobility equalizes
utility, while �xed aggregate labor and labor-only production exclude further adjustment through factor
income or labor supply. The urban model below replaces these assumptions with separate residence and
workplace choices.

3.2.2 Bilateral trade and market access

Let � ij be the composite iceberg cost of delivering a good fromi to j . CES demand and the production
assumptions imply

X ij = W 1� �

 
A i uj

� ij

! � � 1

w1� �
i w�

j L j :

Here W is aggregate welfare in the normalization used by the paper. The network determines� ij ; the
economic-geography equilibrium determines wages, labor, productivity, and amenities.
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Direct computation of the bilateral cost matrix would obscure the network structure. Following
Allen et al. (2026), let � i denote the outward price-index analogue and de�ne the inward and outward
market-access stocks as

Pi = P1� �
i ; Qi = � 1� �

i :

De�ne the local terms
aQ

i = W 1� � u� � 1
i w�

i L i ; aP
i = A � � 1

i w1� �
i :

The two market-access stocks satisfy oppositely oriented local recursions:

Qi = aQ
i +

X

j 2N + (i )

� 1� �
ij Qj ; (3.1)

Pi = aP
i +

X

j 2N � (i )

� 1� �
ji Pj : (3.2)

Thus current-node access is divided between local absorption and continuation through adjacent edges.
These sparse recursions replace the dense bilateral cost matrix. Allen et al. (2026, Appendix A) derives
them from goods market clearing; Appendix A of this guide shows how the terms in these recursions enter
the code.

3.2.3 Trade exposure and the transformed equilibrium

De�ne economic-geography trade exposure by

T G
i =

Pi Qi

Y W ; Y W =
X

i

wi L i :

The access recursions divide this stock into local absorption and continuation. De�ne

sx
i =

aQ
i

Qi
; � ij =

� 1� �
ij Qj

Qi
; sy

i =
aP

i

Pi
; � in

ij =
� 1� �

ij Pi

Pj
:

Here � ij is the outward continuation share on i ! j , while � in
ij is the same edge's share of destination-j

exposure. Directed edge tra�c factors as

� ij = � ij T G
i = � in

ij T G
j =

� 1� �
ij Pi Qj

Y W :

Outgoing and incoming tra�c totals therefore satisfy

Oi = (1 � sx
i )T G

i ; I i = (1 � sy
i )T G

i ;

for local absorption sharessx
i and sy

i . The package checks that outgoing and incoming recovery ofT G
i

agree.
Allen et al. (2026, Appendix A) work with the transformed variables

x i = w�
i L 1+ � (� � 1)

i ; yi = W � � 1w1� �
i L � (� � 1)

i :

This transformation separates sparse market-access propagation from the aggregate labor constraint.
De�ne

e = 1 + � (� � 1) + ��; � =
1 + � + �

e
:
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The inverse map from(x; y) to wages, labor, and welfare requirese 6= 0 ; the welfare normalization also
requires 1 + � + � 6= 0 . Stack the transformed log changes in the2N -element column vector

zG = ( d logx1; : : : ; d logxN ; d logy1; : : : ; d logyN )> :

The route, mode, and congestion maps below translate a primitive edge�mode shock into the aggregate
edge-cost changes entering the residual system forzG.

Implementation. The economic-geography coe�cient map is implemented by
AdjointRSUE.coefs . AdjointRSUE.assemble_J constructs the no-congestion spatial Jacobian.
The generic builder then adds the common route, modal, and congestion feedback.

3.3 Urban commuting: residences and workplaces

The urban speci�cation follows the residence�workplace model in Allen and Arkolakis (2022). Let lRi and
lFi denote normalized residence and workplace masses. A location can contain many residents but few jobs,
or many jobs but few residents. Commuting �ows therefore have distinct origin and destination margins.

The urban accounting stock satis�es

T U
i = lFi +

X

j

� ij = lRi +
X

j

� ji :

The �rst equality combines workplace absorption with outgoing route tra�c; the second combines residence
absorption with incoming tra�c. It is the urban counterpart to trade exposure, but it is measured in
normalized commuter �ows rather than shares of world income. The loader rejects a baseline when the
two expressions disagree beyond the declared tolerance.

The di�erentiated urban state and welfare change are

zU = ( d log lR ; d log lF ; d log$ U )> ; d logW = �
d log$ U

� U
:

We write the urban equilibrium normalizer as $ U to distinguish it from the primitive-cost pass-through
� klm . The implementation retains chi_U as the historical name of this �nal state component. The
parameter � U > 0 governs commuting heterogeneity and supplies the route curvature. The urban
parameters � and � enter the workplace- and residence-side response coe�cients. The resulting Jacobian
J 0

U , aggregate-cost loadingB �;U , and welfare row

q>
U = (0 ; : : : ; 0; � 1=� U )

are speci�c to the residence�workplace equilibrium. They cannot be obtained by relabeling the trade
equations.

Public transit enters through the shared edge�mode network. A directed edge can carry road, bus,
rail, streetcar, or ferry tra�c, and the modal logsum determines how their generalized costs combine.
The urban model then maps the induced commuting-cost changes into residence, workplace, and welfare
responses. Subsection 7.2 documents the synthetic urban test and the Seattle data candidate.

3.4 Interface with the transport block

For spatial model c 2 f G; Ug, write its no-congestion residual as

G0
c(zc; � ) = 0 :

Each model supplies three inputs to the shared computation: a spatial JacobianJc;0, a loading B �;c from
aggregate edge costs into the residuals, and a welfare rowqc. The next subsection constructs the route,
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modal, and congestion derivatives combined with these inputs. Subsection 4.2 then derives welfare after
eliminating the transport block.

3.5 Routes, modes, and congestion

The spatial models de�ned above take bilateral generalized costs as inputs, but the data describe directed
edges and modes. The transport block connects these levels. It aggregates edges into routes, reconstructs
baseline tra�c, combines modal costs, and maps tra�c changes into congestion.

3.5.1 Recursive path aggregation

Each spatial model takes bilateral transport costs as inputs. Those costs must therefore be related to the
directed edges and modes observed in the network before either model can compute a welfare response.
A path from i to j is a sequence of directed edges. If� kl is an iceberg cost factor, a path cost is the
product of its edge costs. Equivalently, generalized costs add after taking logs. With a hard minimum,
the bilateral cost is

e� ij = min
p2P ij

Y

(k;l )2 p

� kl :

The model instead smooths this choice over feasible routes (Allen et al., 2026):

� � !
ij = 1f i = j g +

X

k2N + (i )

� � !
ik � � !

kj :

The symbol ! denotes route curvature. For the economic-geography theorem,! = � � 1; for the
urban model, ! = � U , its commuting heterogeneity parameter. The package rejects an independent
economic-geography route curvature because the paper's derivative is proved for the common-curvature
case.

The recursion can be written using a substochastic continuation matrixK . For a spectral radius below
one, the route resolvent is

T = ( I � K ) � 1 = I + K + K 2 + � � � :

The series shows why the inverse has a route interpretation: it sums weighted walks of arbitrary length
until tra�c is absorbed. Di�erentiating the same resolvent measures how an edge-cost change alters all
origin�destination pairs whose weighted walks use that edge.

3.5.2 Reconstructing baseline routes

The package starts from directed edge tra�c and the location margins appropriate to the selected model,
not an unobserved path table. It reconstructs the route kernel from continuation shares and obtains
bilateral �ows as

X OD = diag( o) ( I � K ) � 1 diag(a):

Here o is the source margin anda the destination absorption vector in the relevant model. For economic
geography the source and destination margins coincide with normalized income. For urban commuting
they are constructed from the distinct residence and workplace margins described in Section 3.

The reconstruction is accepted only when the route kernel is contractive and the absorption probabilities
add to one. The resulting bilateral �ows must match the declared row and column margins, while the
tra�c reconstructed on each directed edge must match the input. In addition, each edge a�ected by a
policy must carry positive baseline �ow in the relevant mode.

The �xed-route case stores baseline origin-destination edge incidence. The �exible-route case di�eren-
tiates the resolvent. Both are evaluated at the same observed baseline, which makes their di�erence an
exact local route wedge rather than a comparison of two separately calibrated models.

Route reconstruction treats � e as an aggregate edge cost. The modal block determines how the costs
and tra�c of the modes available on that edge combine into � e.
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3.5.3 Choice-consistent modal aggregation

Each directed edge can carry several modes. The active paper speci�cation adapts the multimodal
structure in Fuchs and Wong (2026) and uses

� e =

 
X

m
� � �

e;m

! � 1=�

; se;m =
� � �

e;m
P

n � � �
e;n

:

The share is both the cost elasticity@log � e=@log � e;m and the modal tra�c share in this logsum. A lower
modal cost raises its share. A larger� makes modal allocation more responsive to relative costs. Baseline
modal shares are model-ready data inputs, with mode-speci�c shifters rationalizing those shares. The
parameter � governs the local response to a cost change; it does not overwrite the baseline allocation.

The active economic-geography and urban speci�cations useChoiceLogsum. ComponentCESis legacy-
only ; Appendices A and F document that earlier positive-power implementation.

Modal substitution changes edge-mode tra�c. When realized costs depend on that tra�c, the modal
and congestion responses must be solved jointly.

3.5.4 Congestion maps

Realized edge-mode cost can di�er from the primitive infrastructure cost:

log � e;m = log �� e;m + 
 e;m log � e;m

for edge-local congestion. The headline application sets
 e;road = 0 :092, following Allen and Arkolakis
(2020), and sets other headline congestion elasticities to zero.

The package also allows endpoint-terminal congestion. In that extension, an edge-mode cost depends
on total a�ected tra�c at the declared origin and destination terminals. This speci�cation applies to
ports, rail terminals, or transit hubs, but it is not part of the paper's main theorem application.

Section 4.2 di�erentiates the route, modal, and congestion equations jointly and eliminates their
responses before solving the spatial system. The code checks that transport system before adding its
feedback to the spatial Jacobian; a singular system stops the calculation.

Practical caution. Tra�c must be measured in the units implied by the congestion elasticity.
An economic-geography value-�ow elasticity cannot be applied automatically to a vehicle count.
An urban commuter-�ow elasticity cannot be applied to scheduled service frequency without a
documented mapping. A BPR elasticity also requires a declared baseline volume-to-capacity
ratio.

These transport equations determine how shippers or commuters reallocate after a cost change. At an
e�cient baseline, the envelope theorem implies that even substantial reallocation need not a�ect welfare
at �rst order. The next section establishes when tra�c alone measures welfare exactly and then derives
the correction produced by congestion or spatial externalities.

4 Tra�c and spatial-equilibrium welfare

The preceding section maps a primitive link cost into bilateral costs and edge�mode tra�c. We can now
ask when that tra�c is itself the welfare statistic and when equilibrium adjustment adds a �rst-order
correction. The answer begins with the e�cient social-savings benchmark.

4.1 Traditional approach: social savings

The Traditional approach �rst treats observed tra�c as an accounting measure. The envelope argument
that follows explains when the same expression also equals the full marginal welfare e�ect.
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4.1.1 The accounting statistic

Social savings holds observed edge�mode use �xed and asks how much less it would cost to move the same
goods or commuters after an infrastructure improvement. For a marginal proportional reduction in one
edge�mode cost, homothetic preferences give the welfare elasticity

Hklm = � kl;m :

The expression is attractive because it needs only the baseline value �ow. It does not require solving a
counterfactual spatial equilibrium.

Holding the shipment pattern �xed describes how the statistic is computed, not the equilibrium content
of the result. In the e�cient case stated below, it is the exact �rst-order general-equilibrium e�ect even
though trade, routes, modes, prices, and locations adjust.

Proposition 4.1 (E�cient social savings in economic geography). Suppose� = � = 0 and all congestion
elasticities are zero. At an interior e�cient equilibrium,

�
d logW

d log �� kl;m
= � kl;m :

This is the formal result proved for the paper's economic-geography model. The urban model has a
di�erent residual system and welfare row. Its one-mode e�cient limit must nevertheless reproduce the
corresponding edge-mode commuter-tra�c statistic; the package treats that equality as a separate urban
regression test rather than reusing the trade-model proof.

4.1.2 Envelope logic

The result is an application of the envelope theorem and the network version of Hulten's theorem (Hulten,
1978; Baqaee and Farhi, 2019). At an e�cient allocation, the planner is locally indi�erent to reallocations
that preserve feasibility. A lower transport cost directly saves resources. The induced changes in routes,
modes, trade or commuting, and location are responses along the feasible set. Their �rst-order welfare
e�ects vanish at the optimum.

The statement is stronger than saying that adjustment is quantitatively small. Adjustment can be
large. What vanishes is its �rst-order contribution to welfare at an e�cient baseline. This distinction
explains why adding a rich spatial equilibrium to the model does not, by itself, invalidate social savings.
Only wedges that give the induced reallocations a �rst-order welfare value require a correction.

4.1.3 Failures of the e�cient result

Congestion and spatial externalities break the envelope result because a transport improvement changes
exposure to pre-existing wedges. Route diversion can relieve or worsen congestion. Relocation can raise
productivity through agglomeration or a�ect amenities through dispersion. These responses need not
vanish at �rst order.

The result also depends on the assumptions used to de�ne welfare and mobility. The paper formally
proves it under perfect labor mobility and the stated aggregate welfare criterion. Similar envelope logic
can apply under other mobility settings only when the allocation is e�cient in the enlarged problem and
welfare is aggregated consistently. Fixed factors, taxes, heterogeneous households, or endogenous labor
supply can add incidence terms.

4.1.4 Uses of the tra�c measure

The package retains the Hulten statistic even when the full model is distorted. It provides the tra�c-based
Traditional approach and an exact unit test in the e�cient limit. It also supplies the reference point for
decomposing why the full primitive-cost result di�ers from tra�c alone.

If the e�cient �xture does not collapse to tra�c, the calculation has a sign, normalization, or indexing
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error. If the distorted model remains close to Hulten, the data and calibration produced that result; the
model did not impose it.

Implementation. The output column hulten is the policy-mode tra�c share in the selected
model's normalization: world-income-normalized value tra�c for economic geography and
normalized commuter tra�c for the urban model. The full realized- and primitive-cost
elasticities are reported separately. Physical-link results sum opposite directions before
computing link-level comparisons.

Once congestion or spatial externalities break the envelope result, welfare depends on the equilibrium
response rather than tra�c alone. The next subsection obtains that response by di�erentiating the joint
equilibrium system.

4.2 Extended approach: implicit derivative and adjoint

The e�cient case removes the need to trace equilibrium adjustment. Externalities and congestion remove
that simpli�cation because reallocations then have �rst-order welfare e�ects. The Extended approach
di�erentiates the equilibrium system and projects the resulting state response onto welfare.

4.2.1 Need for an implicit derivative

With externalities or congestion, the welfare e�ect of a link improvement is not exhausted by its direct
resource saving. The improvement changes realized costs, routes, and modal allocation. It also changes
either trade, wages, and mobile labor or commuting, residence, and workplace choices. These outcomes
are determined jointly. Di�erentiating one equation at a time while holding the remaining equilibrium
quantities �xed would omit the feedback that motivates the exercise.

Let c 2 f G; Ug index the economic-geography or urban model. Letzc 2 Rnc be the column vector of
transformed equilibrium variables de�ned in Section 3, and write its nc residual equations as

Gc(zc; � ) = 0 : (4.1)

For economic geography,zG contains changes in the transformedx and y variables. For the urban model,
zU contains changes in residence, workplace, and$ U . The column vector � contains primitive edge�mode
log costs. Around an interior di�erentiable baseline,

Jc dzc + Gc;� d� = 0 ; Jc = Gc;z:

If Jc is nonsingular, the Implicit Function Theorem gives

dzc

d�
= � J � 1

c Gc;� : (4.2)

Let q>
c = d logW=dzc be the model-speci�c welfare row and letbc;p = Gc;� p be the residual response to

policy p. Substituting (4.2) into the welfare di�erential gives

�
d logW

d� p
= q>

c J � 1
c bc;p: (4.3)

The sign convention makes a reduction in cost a positive bene�t when the reported elasticity is positive.

4.2.2 The adjoint solve

There may be hundreds or thousands of candidate links but only one welfare criterion for the selected
model. Solving Jcxp = bc;p separately for each policy repeats most of the linear algebra. The adjoint
method instead solves

J >
c  c = qc
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once and evaluates
Ec;p =  >

c bc;p: (4.4)

Since  >
c = q>

c J � 1
c , this expression is identical to (4.3). After the adjoint solve, each additional policy

requires only sparse matrix products.
The package does not form an explicit matrix inverse. It factorizes the relevant systems and uses

linear solves. This matters for numerical stability and for moderately large sparse networks.

4.2.3 Spatial and transport blocks

Each model has a sparse spatial block and uses the common route�mode�congestion block. For transport
caseS, stack active edge�mode log-tra�c changes in � and realized edge�mode log-cost changes inh. The
di�erentiated transport block is

d� = QS
zc

dzc + CSdh; dh = d� + � Sd�:

The matrix QS
zc

maps spatial changes into tra�c, CS maps realized costs into tra�c through routes
and modes, and� S maps tra�c into congestion costs. Substitution of the tra�c equation into the cost
equation gives

dh = ( I � � SCS) � 1
�
d� + � SQS

zc
dzc

�
:

This expression separates the two roles of the transport block. The term indzc feeds congestion back
into the equilibrium Jacobian. The term in d� transmits the primitive policy through modal, route, and
congestion responses and supplies the primitive forcing vector. A realized-cost experiment instead treats
the change inh as the user-facing policy input.

Let Jc;0 be modelc's no-congestion spatial Jacobian.B �;c loads aggregate directed-edge costs into its
residuals, whileSagg aggregates edge�mode costs. Settingd� = 0 in the preceding expression isolates state
feedback. Substituting that term into the spatial residuals gives

Jc;S = Jc;0 + B �;c Sagg(I � � SCS) � 1� SQS
zc

: (4.5)

Equation (4.5) is the Schur complement obtained by eliminating the di�erentiated transport quantities.
The transport matrices have the same de�nitions in both models; their entries depend on each model's
margins and state responses. ReplacingJc in (4.3) with Jc;S, and using the forcing generated by the
d� term above, gives the welfare derivative for transport caseS. Appendix B gives this computational
sequence, and the test suite compares the reduced and uneliminated systems.

4.2.4 Realized- and primitive-cost e�ects

The output contains two full-model derivatives. A realized-cost shock changes the cost users face after
congestion:

#klm = log � kl;m :

A primitive-cost shock changes the infrastructure component:

� klm = log �� kl;m :

With congestion, these are di�erent experiments. Tra�c induced by a primitive improvement can attenuate
the fall in the cost users face. The CSV �eld realized_F reports the �rst e�ect; primitive_F is the
Extended approach and the headline policy measure.

To separate modal exposure from the transport system's response, de�ne

� klm =
@log � kl

@�klm

�
�
�
�
dzc=0

; � klm =
� klm

skl;m
: (4.6)
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The derivative is taken through the route�mode�congestion block while holding the selected spatial state
�xed. With no congestion feedback, � klm = skl;m and � klm = 1 ; deviations from one measure attenuation
or ampli�cation within the transport block. The spatial equilibrium then responds through J � 1

c . The
implementation constructs the full primitive forcing rather than assigning � separately.

For a nonzero realized welfare derivative, the output reports the welfare-e�ective ratio

� ef f
e =

E �
e;F

E r
e;F

:

If the denominator is numerically zero, the ratio is missing and the pass-through contribution is still
reported in levels. A zero derivative is a valid result, not an exception.

Measure Comparison Interpretation

� klm � klm =skl;m Elasticity of the aggregate edge cost with
respect to a primitive edge�mode cost,
holding the spatial state �xed.

� ef f
e E �

e;F =Er
e;F Ratio of two full-equilibrium welfare

derivatives. It can include nonlocal
congestion responses and is unde�ned
when the realized derivative is zero.

4.2.5 Economic-geography factorization

The adjoint formula computes the declared policy derivatives e�ciently, but it does not by itself show why
links with similar tra�c can have di�erent welfare e�ects. For the paper's economic-geography speci�cation
with common route curvature and edge-local congestion, the expression in(4.3) can be factored into
tra�c, primitive-cost pass-through, a common externality scale, and link-speci�c market-access multipliers.
Using the regularity scalar e from Section 3, Allen et al. (2026) de�ne

� =
1 + � + �

1 + � (� � 1) + ��
=

1 + � + �
e

:

Let M in
i and M out

i be the adjoint market-access multipliers normalized by trade exposureT G
i . The

primitive edge�mode welfare elasticity is

�
d logW
d� klm

= � klm � � kl;m

�
M in

k + M out
l

�
: (4.7)

The factorization is algebraically equivalent to the economic-geography adjoint derivative. Each term
answers a di�erent part of the welfare calculation. Tra�c � kl;m measures the economic activity directly
exposed to the improvement. The externality scale� applies the same transformation of welfare and spatial
responses uniformly across links for a given parameter vector. Pass-through� klm measures how much of
the primitive change reaches the aggregate edge cost after modal and congestion responses. The inward
and outward market-access multipliers then determine how the shock propagates through equilibrium at
the two endpoints.

Appendix A maps these factors to their code counterparts. The paper's Appendix A supplies the full
residual-system and adjoint derivation; Appendix B here records the corresponding order of computation.

The factorization reduces to the Traditional approach in the e�cient case. At an e�cient interior
baseline with no congestion,

� = � = 0 ; � = 0 = ) � = 1 ; � klm = 1 ; M in
k + M out

l = 1 :
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Substitution into (4.7) gives

�
d logW
d� klm

= � kl;m ;

the result in Proposition 4.1. Congestion or spatial externalities change at least one of the three nontra�c
factors and create the correction measured by the Extended approach.

4.2.6 Urban welfare projection

The economic-geography factorization relies on its trade equilibrium and therefore should not be relabeled
as an urban formula. The urban model uses the same adjoint calculation and primitive transport forcing,
but it does not reuse � or the trade-model market-access multipliers. Its exact derivative is

EU;p = q>
U J � 1

U;Sb�
U;p; q>

U = (0 ; : : : ; 0; � 1=� U ):

The residence�workplace Jacobian determines how a commuting-cost shock changeslR , lF , and $ U .
Flexible routes, modal substitution, edge or terminal congestion, and primitive-cost pass-through enter
JU;S and b�

U;p through the same transport operators as in economic geography. The urban result is therefore
methodologically parallel to Proposition 2 without being its scalar trade-exposure factorization.

4.2.7 Status of inputs and computed quantities

The derivative combines model-ready inputs with reconstructed, calibrated, and computed quantities.
Keeping those categories separate prevents an accounting identity from being described as external
validation.

Status Inputs or quantities Empirical responsibility

Model-ready inputs Location margins, edge�mode �ows,
edge and terminal identi�ers, and
the policy-to-edge de�nition

Observe directly or construct through
a documented preprocessing step in
the units required by the selected
model.

Reconstructed Absorption and continuation shares,
route kernel, bilateral �ows, and
exposure stocks

Verify accounting, contraction,
margins, and recovery of
directed-edge tra�c.

Calibrated Spatial, route, modal, and
congestion elasticities

Cite an estimate, report a transfer
from another setting, or provide a
sensitivity range.

Computed Jacobians, forcing matrices, adjoint
vectors, welfare elasticities, and
decomposition terms

Check solve residuals, conditioning,
�nite di�erences, limiting cases, and
decomposition identities.

The exposure stocks show why the distinction matters. In economic geography, outgoing or incoming
tra�c gives

T G
i =

Oi

1 � sx
i

=
I i

1 � sy
i

:

For the urban model, commuting exposure satis�es

T U
i = lFi + Oi = lRi + I i :

Both are model identities. Empirical implementation requires �ows that satisfy the selected model's
accounting identities. The package reports exposure disagreement rather than hiding it through an
automatic balancing step.
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Implementation. The package constructs the common transport response, then combines it
with either the economic-geography or residence�workplace equilibrium. The infrastructure
shock vector is passed through modes, routes, and congestion before the model-speci�c welfare
formula is applied. Appendices A and B give the corresponding function names and matrix
operations.

4.2.8 Regularity and failure

The transport derivative requires an interior baseline with positive �ows on active edge�mode pairs, a
contractive route kernel, and positive exposure stocks. The economic-geography transformation further
requires e 6= 0 and 1 + � + � 6= 0 . The urban transformation instead requires � U > 0 and a nonsingular
mapping between residence and workplace allocations.

For either spatial model, the modal-congestion and spatial systems must be nonsingular, and their
condition numbers must remain below the con�gured gate. The software fails explicitly when these
conditions are violated. It does not use a ridge term to turn an unidenti�ed derivative into a number.

The derivative measures the welfare e�ect of one policy. Comparing cases built from the same baseline
and policy then shows which model mechanisms account for the di�erence from the Traditional approach.

4.3 Decomposing the welfare di�erence

The adjoint calculation gives the full derivative but does not separate its departure from tra�c into
distinct economic sources. To separate those sources, the package compares models that share the observed
baseline and policy forcing but selectively hold congestion, modes, or routes �xed.

4.3.1 Common-baseline comparisons

The full primitive-cost welfare elasticity can di�er from tra�c for several reasons. To isolate them, the
package evaluates each alternative at the same observed baseline and under the same policy forcing,
following the inverse-Jacobian logic in Fuchs and Wong (2026). Recalibrating each alternative would mix
the e�ect under study with a change in starting values.

The package constructs six cases:

Closure Routes Modes Congestion

H: Hulten Not solved Not solved Traditional approach
NC: no congestion Flexible Flexible None
NT: no terminals Flexible Flexible Edge congestion
F: full Flexible Flexible All speci�ed congestion
FM: �xed modes Flexible Fixed at baseline

shares
All speci�ed congestion

FR: �xed routes Baseline OD-edge
incidence �xed

Flexible All speci�ed congestion

The labels describe local derivatives, not �nite counterfactual models. In particular, FRholds the
di�erentiated route incidence �xed while retaining modal response and the remaining equilibrium system.
Both spatial models use these comparisons. The additional normalized and allocation�scarcity�equilibrium
decompositions below are available only for the economic-geography model.

4.3.2 Economic-geography normalized multipliers

To compare equilibrium propagation across cases, divide out tra�c and the common scale� . For a
positive-tra�c edge e with � 6= 0 , de�ne

me;S =
E r

e;S

� � e
: (4.8)
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The resulting multiplier measures equilibrium propagation per unit of tra�c. De�ne the signed wedges

dedge = mNC � mNT ; dterminal = mNT � mF ;

dmode = mF � mF M ; droute = mF � mF R :

Evaluating them at the common baseline yields the closure ladder

mF = mNC � dedge � dterminal = mF M + dmode = mF R + droute : (4.9)

The terms are signed. A positive road wedge in multiplier units need not imply a positive contribution to
the welfare elasticity when � < 0.

The �rst equality gives an additive congestion ladder. The other two compare the full model separately
with �xed modes and �xed routes. Mode and route wedges are not added to the congestion ladder because
each is an alternative closure comparison.

The urban model reports the corresponding di�erences directly in welfare elasticity levels:

E r
U;F � E r

U;NC ; E r
U;F � E r

U;F M ; E r
U;F � E r

U;F R :

It does not divide by the economic-geography coe�cient � . The same comparisons therefore apply without
imposing a trade-model normalization on residence�workplace welfare.

4.3.3 Inverse-gap identity

Each rung compares two derivatives that share the welfare row and policy forcing but use di�erent
Jacobians. The matrix identity J � 1

A � J � 1
B = J � 1

A (JB � JA )J � 1
B therefore implies

q>
c J � 1

c;A bc � q>
c J � 1

c;B bc = q>
c J � 1

c;A (Jc;B � Jc;A )J � 1
c;B bc:

The package checks this identity for the edge, terminal, mode, and route comparisons in both spatial
models. It is a direct algebraic test of the signs, orientation, and Jacobian construction.

4.3.4 Economic-geography analytical components

The inverse-gap identity gives the total di�erence between two closures. For economic geography, the
package further separates each mode or route wedge into allocation, congestion-scarcity, and aggregate-
equilibrium components:

dr = dalloc
r + dscar

r + deq
r ; r 2 f mode; routeg:

Under the common-baseline construction used here, the sparse spatial allocation block and aggregate-
feedback term are the same across the �ve closures. Their contributions are therefore exact zeros for the
road, terminal, mode, and route comparisons, and the congestion-scarcity component carries each wedge.
The package nevertheless evaluates the general mixed update for the mode and route comparisons and
checks both the implied zeros and the reconstruction of the total wedge. Appendix B gives the Jacobian
blocks, rank-two update, and structured inverse formulas.

4.3.5 The economic-geography Hulten gap

Substituting E r
e;F = � � eme;F from (4.8) into the di�erence between tra�c and the full realized derivative

gives
� e � E r

e;F = � e(1 � � ) + � � e(1 � me;F ):

The �rst term is the common externality scaling. The second is equilibrium propagation relative to the
Traditional approach.

For a nonzero realized derivative, de�ne� ef f
e = E �

e;F =Er
e;F . Next substitute the �rst equality in (4.9)
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and useE �
e;F = � ef f

e E r
e;F . This produces

� e � E �
e;F = � e(1 � � ) + � � e(1 � me;NC )

+ � � ededge;e+ � � edterminal;e + � � eme;F (1 � � ef f
e ):

A zero realized derivative leads the output to compute the primitive-minus-realized contribution directly
in levels instead of forming a ratio. Signed percentages can be misleading if large positive and negative
components nearly cancel.

The identity reports all terms in units of the Traditional approach minus primitive-cost welfare. A
positive contribution widens that gap; a negative contribution o�sets it. The sign convention applies even
when � < 0.

For the urban model, the package reports� e � E r
U;F and � e � E �

U;F , together with the closure gaps
above. It does not label these di�erences as externality scaling or trade-market-access propagation because
those labels come from the economic-geography factorization.

4.3.6 Physical-link aggregation

The model is directed. To obtain a two-direction physical-link experiment, the software �rst sums the
primitive and realized elasticities across the two directions. It applies the same operation to Hulten
tra�c, all additive Hulten-gap components, and all analytical components. Only after summation does it
calculate a physical-link normalized multiplier. This order avoids averaging ratios with di�erent tra�c
denominators.

Practical caution. A physical-link result is de�ned only when exactly two declared policy arcs
have opposite endpoints and a common physical-link identi�er. Transit services and one-way
links that lack such a pair remain directed policies.

4.3.7 Reading a decomposition

Begin with the gap between the Traditional approach and the full primitive-cost result. In the economic-
geography model, separate the common externality scale from link-speci�c equilibrium propagation before
examining edge and terminal congestion. Next compare the primitive- and realized-cost e�ects to measure
pass-through. The �xed-mode and �xed-route cases then show whether modal or route adjustment
contributes to ranking changes. Interpret these economic di�erences only after the identity residuals have
passed their numerical checks. The decomposition explains a result within the speci�ed model. It does
not show which parameters or model assumptions are empirically appropriate.

Applying these identities requires a baseline whose �ows, units, and policy de�nition satisfy the
model's accounting restrictions. Subsection 5.1 states that empirical contract before the guide turns to
the software.
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Part III Detailed guide: implementation and applications

The derivative in Part II is a theoretical result, not yet an empirical estimate. Part III explains how data,
calibration, and software produce that object in an application. It then veri�es the calculation on a public
grid and relates the same work�ow to the U.S. freight and urban-commuting applications.

5 Implementation and veri�cation

Part II identi�es the tra�c, equilibrium, and policy objects required by the welfare derivative. An
application must represent those objects in common units, construct a coherent baseline, and preserve the
policy de�nition through the numerical calculation. Data and calibration come �rst because the validity
of later software checks depends on that representation.

5.1 Data and calibration

Raw transport records rarely coincide with the model's nodes, �ows, or cost units. This subsection states
the model-ready schemas, accounting identities, parameter sources, and policy �elds that convert those
records into inputs the derivative can use.

5.1.1 Model-ready inputs

The theory identi�es the inputs needed by the derivative; the data contract states how an application
must represent them. The generic adapter reads two CSV �les and one TOML con�guration. The �les
are deliberately narrow. They contain a baseline that already satis�es the selected model's accounting
identities; they are not a warehouse for raw transport records.

For economic geography, the node �le contains:

node_id,labor,income,longitude,latitude

Labor and income shares must be �nite, strictly positive, and normalized. Zero-mass locations are outside
the interior baseline accepted by the generic loader. Coordinates are optional for analysis but required for
maps.

For urban commuting, the node �le instead contains:

node_id,residents,employment,longitude,latitude

Residence and workplace margins must be �nite, positive, and normalized. Their geographic distributions
may di�er even though their aggregate totals refer to the same commuter population.

The edge-mode �le contains one row for each active mode on each directed edge:

edge_id,physical_link_id,origin,destination,mode,flow,
origin_terminal_id,destination_terminal_id,
congestion_elasticity

The terminal and edge-speci�c congestion columns are optional unless selected by the con�guration. The
pair (edge_id ; mode) must be unique. One directededge_id may therefore appear once for each active
mode, but all such rows must share endpoints and a physical-link identi�er. Each endpoint must exist in
the node table.
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Implementation. Recovering baseline cost derivatives from �ows. Given the
recursive-route and modal-logsum assumptions, consistent edge�mode �ows and node margins
reveal the continuation and modal shares needed for the local cost derivative. The package
reconstructs those shares without separately observed route-level generalized costs. This
identi�cation also requires calibrated route and modal elasticities and �ows that satisfy the
model's accounting identities. Subsection 4.2.7 distinguishes observed, reconstructed, calibrated,
and computed quantities.

5.1.2 Flow concepts and units

Economic geography uses value tra�c normalized by world income. The urban model uses commuter
tra�c normalized by total commuters. Vehicle counts, passenger trips, tons, and scheduled services are not
automatically interchangeable with either �ow concept. A preprocessing pipeline may convert a physical
measure to the model's �ow, but that conversion must be explicit and defensible.

All active modal �ows on an edge sum to aggregate edge tra�c:

� ij =
X

m
� ij;m ; sij;m =

� ij;m

� ij
:

The package constructs modal shares from the input baseline. It does not use� to overwrite those baseline
shares. The elasticity controls the local response after a shock.

For economic geography, labor and income shares each sum to one, and edge value �ows use the same
world-income denominator. For urban commuting, residence and workplace margins each sum to one, and
edge �ows use the same total-commuter denominator. In either model, modal shares sum to one within a
directed edge. Edge tra�c does not generally sum to one because the same shipment or commuter can
traverse several edges along a route. Renormalizing the edge table to unit total would therefore change
the welfare scale and violate the route accounting.

The unit contract extends to congestion. A log elasticity such as
 = 0 :092 is invariant to proportional
rescaling of a correctly matched �ow measure. It is not invariant to replacing value or commuter tra�c
with an unrelated vehicle, passenger, or schedule measure.

5.1.3 Accounting checks

For economic geography, outgoing and incoming tra�c must recover the same trade exposure:

T G
i =

Oi

1 � sx
i

=
I i

1 � sy
i

:

For urban commuting, residence and workplace absorption must recover the same commuting exposure:

T U
i = lFi + Oi = lRi + I i :

Using the identity selected by the con�guration, the loader �rst veri�es node and mode identi�ers,
positivity, and �niteness. It then checks �ow conservation and agreement between alternative measures
of the exposure stock. For the requested policy, it also veri�es reciprocal physical-link pairing, coverage
of the policy mode, terminal identi�ers for modes subject to terminal congestion, and congestion keys
against the observed active modes.

Perform any symmetrization, padding, modal rescaling, or balancing before loading the generic adapter.
When empirical sources do not agree, create a preprocessing artifact that states the transformation and
supply its output to the package. The run manifest records the hashes of the transformed inputs.
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5.1.4 Preparing model-ready �ows

Di�erent sources require di�erent preprocessing. This table identi�es the main empirical gap without
presuming a universal conversion.

Available information Required construction

Directed edge value �ows Apply unit, price-basis, and accounting checks directly.
Vehicle or passenger counts Map the physical count to the model's value or commuter

�ow and match the congestion elasticity to that measure.
Origin�destination value �ows Assign each OD �ow to directed edge�modes under a

declared routing model.
Scheduled transit service Combine schedules with ridership or a modeled commuter

baseline; schedules alone are not observed tra�c.
Imports and exports with di�erent
margins

Project them onto declared common margins while
preserving and reporting the chosen support.

Incomplete modal coverage De�ne a defensible residual mode or limit the application to
the observed choice set.

Zero-�ow proposed infrastructure Use a �nite counterfactual or entry model; the interior local
derivative does not identify the new alternative.

Reconcile inconsistent source matrices in a separate, versioned balancing step. First choose the
target node margins and preserve structural zeros that represent unavailable connections. Then solve
a constrained projection, such as iterative proportional �tting when its support conditions hold, that
changes the source matrix as little as possible while matching those margins. Report the projection rule,
�xed margins, support changes, convergence tolerance, iteration count, maximum margin error, and a
distance between raw and balanced �ows. Archive both the raw-source hashes and the model-ready output
hash. The freight adapter below implements this procedure for directional port trade; other applications
must justify their own targets and support.

5.1.5 Parameters

After the accounting inputs are �xed, the con�guration supplies the elasticities governing spatial, route,
modal, and congestion responses. The economic-geography parameter vector is

(�; �; �; �; 
 e;m):

Here 
 e;m denotes the declared edge�mode congestion elasticity; the route curvature is tied to� � 1 by
the paper's theorem. The paper baseline uses

� = 0 :10; � = � 0:30; � = 9 ; � = 1 :099; 
 road = 0 :092:

These values are external calibration inputs, not parameters estimated by the package. The spatial
elasticities � = 0 :10 and � = � 0:30 follow the economic-geography calibration in Allen and Arkolakis
(2014), as used in the December 2020 revision of Allen and Arkolakis (2020). The route curvature
� � 1 = 8 matches the value used by Fuchs and Wong (2026), while their estimated modal elasticity gives
� = 1 :099. The road-congestion elasticity 
 road = 0 :092 comes from Allen and Arkolakis (2020). The
endpoint-terminal extension uses the0:096 dwell-time elasticity estimated by Fuchs and Wong (2026).
These citations identify the source of each baseline value; they do not substitute for sensitivity analysis in
a new application.

The urban parameter vector replaces� with commuting heterogeneity � U :

(�; �; � U ; �; 
 e;m):
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The package uses� U as the urban route curvature. Its modal and congestion elasticities remain application
inputs. The Seattle candidate transfers� = 1 :099 from the freight application and reports sensitivity
rather than presenting it as a Seattle estimate.

Sensitivity should vary one parameter while remaining on a regular branch. The paper sensitivity
runner maintains

� + � < 0; e < 0; jej � 0:05; 1 + � + � > 0:05:

Thus �net dispersion� means � + � < 0, and the remaining conditions keep the path on the baseline
sign branch and away from the two transformation singularities. The generic model builder requires
the corresponding denominators to be nonzero. Both models reject singular route, transport, or spatial
systems, and the economic-geography implementation rejects an independent route curvature not covered
by the theorem.

5.1.6 Policy de�nition

The con�guration states the policy mode and whether the output concerns directed arcs, reciprocal
physical links, or both. It also records the proportional shock used to translate elasticities into reported
gains and indicates whether the policy combines several edge�mode shocks in a bundle.

A policy bundle is a sparse list:

bundle_id,edge_id,mode,weight

The �rst-order welfare e�ect is linear in these weights. Duplicate entries, unknown edges, inactive modes,
and non�nite weights are rejected.

5.1.7 External-data adapters

The freight replication adapter, retained in code under its historical RSUEname, performs transformations
required to reproduce the paper's research pipeline. Unlike the generic adapter, it may pad, symmetrize,
�lter, or rescale because those operations are part of the declared replication contract. Each transformation
is listed in TOML and written to the manifest.

The Seattle adapter combines a published urban archive with LODES commuting, ACS mode shares,
and a pinned historical GTFS network (U.S. Census Bureau, 2026b, 2017; King County Metro, 2017a).
The raw sources remain outside Git. Schedule data identify service paths and frequency, not observed
route ridership. The model builder therefore reports its construction and external comparisons without
presenting schedule counts as passenger �ows.

Practical caution. A successful schema check establishes internal consistency, not external
validity. Validation against untargeted tra�c, ridership, prices, or location outcomes is a
separate empirical exercise.

Once the data and policy satisfy this contract, the computation constructs the route basis, assembles
the relevant equilibrium system, and converts each policy forcing into a welfare e�ect. The next subsection
follows that sequence.

5.2 Software work�ow and outputs

Once the inputs satisfy the data contract, the software must carry them through the same sequence as the
derivation: construct the transport block, form the spatial Jacobian, solve the adjoint, and write results
with their diagnostics and provenance. The public interface exposes that sequence without requiring an
application to modify the solver.
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5.2.1 Public interface

The package exposes the data-to-derivative sequence through a small typed API. The same calls validate
inputs, build the model selected in the con�guration, and write results with their provenance:

using TransportNetworkWelfare

project = load_project("examples/grid_multimodal/config.toml")
validate(project)
model = build_model(project)
welfare = welfare_effects(model)
components = decompose_welfare(model)
sensitivity = sensitivity_path(model, :eta, [0.9, 1.099, 1.25])
write_results(components, "examples/grid_multimodal/output/guide-api/"; project)

The con�guration determines the spatial, modal, congestion, and policy types. Users adapting a
dataset should change CSV and TOML inputs rather than editing the solver.

The CLI calls the same public functions:

julia --project=. bin/tnw.jl validate \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl analyze \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl decompose \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl sensitivity \
examples/grid_multimodal/config.toml

5.2.2 Project isolation and package updates

Section 1 gives the initial setup and run commands. Keep the resulting empirical project outside the
package checkout so application inputs and outputs remain separate from package updates. Before
updating, preserve the package commit and manifest used for archived results. Then fast-forward the
package and rerun its tests:

git rev-parse HEAD
git switch main
git pull --ff-only
julia --project=. -e 'using Pkg; Pkg.instantiate(); Pkg.test()'

Revalidate and rerun the external project after any package, con�guration, or data change. A changed
output belongs to a new result vintage; retain the earlier commit, inputs, and manifest when earlier results
must remain reproducible.

5.2.3 Implementation boundary

Users normally interact with the API or CLI rather than individual source modules. The implementation
follows the derivation's dependency order: validate data, reconstruct routes and modes, construct the
selected spatial system, eliminate congestion feedback, and project each policy onto welfare. Appendices
A and B map these operations to source �les and functions. The tracked theory�code audit records the
line-level correspondence for contributors.

5.2.4 Build stages

Figure 1 in the quick start summarizes the calculation. Each arrow passes a checked result to the next
stage, beginning with model-ready inputs and ending with archived results.
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For either spatial model, build_model begins by loading and validating the project and network,
identifying the positive-�ow edge�mode pairs, and reconstructing the route kernel and bilateral �ow
matrix. It uses these objects to form the �exible and �xed route derivatives. The economic-geography or
urban builder then supplies the no-congestion spatial Jacobian, cost loading, and welfare row.

The remaining stages construct the modal and congestion maps for each decomposition case and
eliminate congestion quantities through the Schur complement. After checking the route, transport, and
equilibrium condition numbers, the builder exposes the equilibrium system used for the welfare and
decomposition calculations.

analyze uses a welfare-only builder. It constructs the full �exible case but omits the dense �xed-route
incidence matrix. decomposeconstructs all decomposition cases. Omitting �xed-route incidence from
ordinary analysis reduces memory use because that matrix scales with origins, destinations, and edges.

5.2.5 Policy derivatives

For all directed policy arcs, the code constructs a sparse selector matrix. The realized forcing changes the
aggregate cost on the selected edge. The primitive forcing �rst passes the edge�mode shock through the
modal and route responses. It then incorporates edge or terminal congestion, aggregates the result to the
directed edge, and loads the resulting cost change into the spatial residual.

The adjoint gain function solves the transposed Jacobian and multiplies the forcing matrix. It returns
one elasticity per policy arc. The decomposition then applies inverse-gap and structured-update identities
to the same forcing.

5.2.6 Outputs and manifests

Analysis writes directed results to welfare_directed.csv and, when requested, reciprocal-link results to
welfare_physical.csv . The decomposecommand adds the corresponding decomposition tables. Each
run also writes diagnostics.json and run_manifest.json .

The manifest records the package version and Git state, Julia and BLAS environment, con�guration
hash, input hashes, model variants, parameters, transformations, output hashes, and veri�cation status.
JSON serialization is strict: unsupported values and colliding stringi�ed keys are errors rather than silently
converted strings.

Field Meaning Unit or sign

physical_link_id Identi�er shared by the reciprocal
directed policies.

Identi�er.

hulten Traditional approach: baseline
policy-mode value tra�c.

Positive welfare
elasticity.

realized_F Full-model response to a reduction in the
cost users face.

Bene�t elasticity; may be
zero.

primitive_F Extended approach: full-model response
to the primitive infrastructure cost.

Headline bene�t
elasticity.

chi_effective Ratio primitive_F =realized_F . Missing when the
denominator is
numerically zero.

primitive_externality
primitive_propagation Common externality scale and

link-speci�c equilibrium-propagation
terms in the signed Hulten gap.

Signed welfare
elasticities.

primitive_edge
primitive_terminal
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Field Meaning Unit or sign

primitive_pass_through Edge congestion, terminal congestion,
and primitive-to-realized cost
contributions.

Signed welfare
elasticities.

identity_residual_* and
channel_residual_*

Reconstruction errors for the closure
ladder and analytical-component
identities.

Absolute numerical
residuals; target below
10� 10.

The decomposition_physical.csv �le sums opposite-direction elasticities and signed components
before calculating link-level ratios and normalized multipliers. Ranks are derived from the selected welfare
column; they are not stored as primitive output �elds. Join the physical-link �le to engineering costs
using physical_link_id , and preserve the mapping used for that merge. A link is ready for economic
comparison only when the run-level accounting, conditioning, and identity diagnostics pass.

5.2.7 Computational cost

The sparse welfare calculation is appropriate for many candidate edges on a moderate network. The exact
route decomposition is more demanding because it constructs baseline origin-destination edge incidence.
Before decomposition, the validator reports an incidence-memory estimate. Large tra�c-assignment
standard networks may be suitable for the welfare derivative but not the full �xed-route decomposition on
a laptop.

The package does not replace an ill-conditioned model with low-rank �tting, ridge regularization, or
dropped routes. Larger applications should exploit sparsity or use a separately derived route comparison
while retaining the veri�cation gates.

The public grid exposes the intermediate quantities and diagnostics used in the calculation. Before
applying the architecture to that baseline, the next subsection states the numerical and reporting checks
that a calculation must pass.

5.3 Numerical checks and reporting

A numerical solve is not su�cient evidence that a reported elasticity represents the intended model. The
inputs, derivative identities, and empirical mapping require separate checks. Distinguishing these layers
also prevents a successful implementation test from being described as external validation.

5.3.1 Three layers of veri�cation

A credible application must pass accounting, mathematical, and empirical tests. The accounting test
asks whether the input margins, exposure stocks, routes, and edge �ows describe the same baseline.
The mathematical test asks whether the code implements the declared derivative and closure identities.
The empirical test asks whether the calibrated model can explain outcomes that were not imposed in
constructing that baseline. The package automates the accounting and mathematical tests; external
validation requires application-speci�c evidence.

5.3.2 Route diagnostics

The run manifest records the route spectral radius and the absorption error. It also reports the bilateral
row and column errors and the directed-edge reconstruction errors under �exible and �xed routing. The
spectral radius must be below one. A value close to one can produce a well-de�ned but poorly conditioned
resolvent in which tra�c circulates for many expected steps before absorption.

Large margin or edge errors usually indicate inconsistent inputs, reversed orientation, duplicated arcs,
or an undeclared transformation. They should not be repaired by increasing the tolerance.
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5.3.3 Linear-system diagnostics

Each decomposition case reports the condition numbers of its transport and spatial systems. The default
upper gate is1012. This is a permissive numerical ceiling rather than a target. Results near the gate can
be sensitive to small changes in data or parameters.

The package also records solve residuals and �niteness checks. A low residual with a very high condition
number does not establish a stable economic derivative. Both should be examined.

5.3.4 Identity diagnostics

For decompose, both spatial models report the maximum inverse-gap and closure-ladder errors, the
realized and primitive Hulten-accounting errors, the closure-Jacobian reconstruction error, and the
primitive transport residual. Economic-geography output also reports a reconstruction error for its three
analytical subchannels: allocation, scarcity, and equilibrium correction. That subcomponent decomposition
is not de�ned for the urban model. The package acceptance target for algebraic identities is10� 10. An
identity failure is a code or model-construction problem. It is not an interesting economic result.

5.3.5 Finite di�erences

An analytical derivative should be compared with independently solved nonlinear equilibria. Leth be a
small change in primitive log cost and re-solve welfare on either side of the baseline. The central-di�erence
estimate is

E F D
p = �

logW (� p + h) � logW (� p � h)
2h

:

The nonlinear solver must re-solve all equilibrium and transport quantities. Reusing the analytical
derivative inside the counterfactual would make the test circular.

The package tests e�cient, externality, congestion, asymmetric, multiple mode, unique-route, and
parallel-route cases. The archived freight veri�cation uses a deterministic tra�c-strati�ed sample of road
arcs. The absolute derivative error must be below10� 6, and nonlinear solve residuals below10� 10.

5.3.6 First-order accuracy

Finite-di�erence veri�cation establishes the derivative at the baseline. To assess a �nite policy, compare
the �rst-order prediction

� log Wlinear = � Ep� � p

with a nonlinear counterfactual. The package checks changes of0:1, 1, and 5 percent only for models
with an independently implemented nonlinear solver. If the derivative and nonlinear solver are correct
and the equilibrium is smooth, the approximation error should shrink at the rate implied by a �rst-order
expansion as the shock approaches zero.

The urban module supplies such a nonlinear solver. The current economic-geography grid veri�es the
local derivative against a re-solved nonlinear route�mode�congestion system, but it does not supply a
global economic-geography counterfactual for a �ve-percent project. A �nite-size accuracy chart for that
model would therefore overstate what has been veri�ed. Analysts should report this distinction and the
policy scale used with the approximation.

5.3.7 Sensitivity

A sensitivity path should report both average e�ects and rank stability. A parameter can scale all links
similarly while leaving the ordering nearly unchanged, or leave the average stable while reshu�ing the top
links.

The paper exercises vary� , � , net dispersion, � , and road congestion in the headline model. Common
road/terminal and terminal-only paths are extension diagnostics. Each point must remain on the declared
regular branch and pass all numerical gates.

For an urban application, sensitivity replaces the trade elasticity with commuting heterogeneity � U
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and should separately vary the modal and congestion inputs used by that application. A transferred value
of � or an unestimated terminal elasticity should be labeled as such.

At each accepted point on a sensitivity path, report the mean and median primitive-cost welfare
elasticities together with their Pearson and Spearman correlations with the baseline. Ranking stability
should be summarized by top-k overlap, maximum absolute rank movement, and the number of links
that enter or leave the top decile. The report should also identify sign changes, changes in the signed
decomposition, transport and spatial condition numbers, and any branch failures or rejected parameter
values. One-at-a-time paths isolate separate parameter e�ects. Joint low, central, and high scenarios
are worth reporting when spatial externalities, congestion, or modal substitution are expected to move
together. These exercises report rankings for each assumed calibration; the package does not estimate
sampling uncertainty.

5.3.8 Common failures

Message or symptom Likely cause Correct response

Route kernel is not contractive Cyclic continuation shares do
not absorb

Revisit �ow accounting or local
absorption; do not truncate paths
silently.

Stock disagreement Incoming and outgoing �ows
imply di�erent exposure

Document and perform a
balancing transformation outside
the package.

Policy edge lacks active mode Zero or missing policy-mode
�ow

Remove the policy or provide a
defensible positive-�ow baseline.

Missing terminal ID Positive terminal congestion
on an unidenti�ed terminal

Add explicit endpoint terminal
identi�ers.

Condition-number gate Near-singular modal,
transport, or spatial system

Review parameters, baseline
support, and model identi�cation.

Unde�ned e�ective
pass-through

Realized derivative is
numerically zero

Use the level pass-through
component; do not force a ratio.

Physical link rejected Missing or inconsistent
reciprocal direction

Report directed policies or correct
the physical-link identi�er.

5.3.9 Reporting standards

An empirical application should disclose how the network and �ows were constructed, the units in which
they are measured, and all transformations used to make them model-ready. It should de�ne the policy
primitive, direction, mode, and scale and report the sources of all parameters together with the modal
and congestion speci�cations.

The results should be accompanied by the route, accounting, conditioning, and identity diagnostics,
as well as sensitivity of both levels and rankings. Finally, the application should distinguish external-
validation evidence from quantities matched by construction and state the limitations of that evidence.
This information is part of the economic result, not software housekeeping.

Implementation. Copy-ready reporting template. �We evaluate a s-percent reduction in
the primitive generalized cost of each existing [mode] link. The headline statistic is the full
primitive-cost welfare elasticity. We compare it with the Traditional approach and the full
realized-cost e�ect. We report the signed congestion, equilibrium-propagation, and pass-through
components; Pearson and Spearman correlations; top-k overlap and rank movements; route and
accounting errors; condition numbers; �nite-di�erence errors; and parameter sensitivity. The
statistic measures model-implied gross economic bene�ts and excludes construction costs and
omitted externalities.�
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The public grid in Section 6 satis�es these numerical checks by construction. Section 7 then separates
that generic veri�cation from the additional data and validation claims required by the U.S. freight and
Seattle applications.
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6 Worked example: a multimodal grid

The theory, data contract, and software work�ow have so far been presented separately. The grid reunites
them in one reproducible calculation. Its small network makes the route and modal mechanisms visible
while exercising the same validation, welfare, decomposition, and plotting commands used by larger
applications.

6.1 Economic setting

The worked example uses the economic-geography model. Transit is a second mode in its transport
network; the example does not use the urban residence�workplace model. It has 25 economic locations
arranged on a �ve-by-�ve grid. Adjacent locations are connected by reciprocal road arcs. Transit is also
available on the four links along the central east�west axis and has a larger baseline modal share there.
The committed mode shifters rationalize these baseline shares;� governs their response to a cost change
rather than identifying relative cost levels from shares alone. Each transit stop has an explicit terminal
identi�er, so the example can include congestion from tra�c using the two endpoint terminals of a trip.
Figure 3 shows the network.

Figure 3: Synthetic road grid and transit spine. Thin gray links are roads; thick blue links also carry transit. Gold
node area represents economic activity, and blue rings identify transit terminals. Road and transit connections are
reciprocal.

Activity is positive throughout the grid and is higher near the central spine, the north�south cross-axis,
and the central node. A small eastward gradient breaks otherwise arbitrary ranking ties. The input
builder assigns symmetric directional �ows and generates location margins from the same accounting
system. The package therefore reconstructs the route kernel without silently balancing the network.

To keep the equilibrium forces comparable with the paper while making the network fully reproducible,
the example uses

� = 0 :10; � = � 0:30; � = 9 ; � = 1 :099:

These reference values mirror the paper calibration described in Section 5.1, drawing on Allen and Arkolakis
(2014, 2020) and Fuchs and Wong (2026). Modes enter throughChoiceLogsum. Road congestion has
elasticity 0.08, and the illustrative endpoint-terminal elasticity for transit is 0.025. The two congestion
values make the model comparisons visible; they are not estimates for a particular city.
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6.2 Build the inputs, run the model, and draw the results

The committed input has 80 directed road arcs, 40 reciprocal road links, and 88 positive-�ow edge�mode
pairs. The di�erence between the �rst and third counts is the eight directed transit edge�mode rows on
the central spine.

The input builder is examples/grid_multimodal/build_inputs.jl . It �rst assigns positive labor
and income across the grid. It then writes reciprocal horizontal and vertical road arcs and adds transit rows
only along the central axis. The following excerpt shows the construction that an empirical preprocessing
script must replace:

const GRID_SIZE = 5
const TRANSIT_ROW = 3

node_id(row, column) = @sprintf("r%dc%d", row, column)

for row in 1:GRID_SIZE, column in 1:(GRID_SIZE - 1)
west = node_id(row, column)
east = node_id(row, column + 1)
link = @sprintf("H_r%d_c%d", row, column)
road = road_flow(:horizontal, row, column)
edge_row(io, link * "_E", link, west, east, "road", road)
edge_row(io, link * "_W", link, east, west, "road", road)
if row == TRANSIT_ROW

transit = transit_flow(column)
edge_row(io, link * "_E", link, west, east,

"transit", transit;
origin_terminal=terminal_id(row, column),
destination_terminal=terminal_id(row, column + 1))

edge_row(io, link * "_W", link, east, west,
"transit", transit;
origin_terminal=terminal_id(row, column + 1),
destination_terminal=terminal_id(row, column))

end
end

The complete script also writes vertical links and explicit origin and destination terminal identi�ers.
Symmetric directional �ows make incoming and outgoing tra�c equal at each node. This is a transparent
device for a synthetic example, not a balancing rule that should be imposed on empirical commuting or
freight data.

Rebuild the CSVs and inspect the �rst rows before running the model:

julia examples/grid_multimodal/build_inputs.jl
head examples/grid_multimodal/data/nodes.csv
head examples/grid_multimodal/data/edge_modes.csv

The con�guration names the input �les, selects economic_geography and ChoiceLogsum, declares road
and terminal congestion, and de�nes a one-percent bidirectional road policy. These are the �elds an
analyst changes after replacing the CSVs:

[model]
spatial_specification = "economic_geography"
alpha = 0.10
beta = -0.30
sigma = 9.0
eta = 1.099
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modal_specification = "choice_logsum"

[policy]
mode = "road"
unit = "both"
shock_fraction = 0.01

Validation should precede the numerical work. From the repository root, run:

julia --project=. bin/tnw.jl validate \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl analyze \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl decompose \
examples/grid_multimodal/config.toml

julia --project=. bin/tnw.jl sensitivity \
examples/grid_multimodal/config.toml

The analysis writes directed and physical-link welfare tables. The decomposition adds the closure and
component columns used below, while the sensitivity command writes one row for each declared parameter
value. Each run also updatesdiagnostics.json and run_manifest.json .

The �gures, tables, and TeX macros in this section are generated from those validated outputs rather
than transcribed by hand. The documentation asset target rebuilds the inputs, reruns the example, and
redraws the �gures:

make practitioner-guide-assets

For an external application, the equivalent standalone map command is given in Subsection 1.6; it reads
welfare_physical.csv and can use line and polygon GeoJSON layers.

The policy improves one physical road link at a time by lowering primitive cost by one percent in both
directions. Transit remains available throughout the equilibrium response. The result therefore measures
how a road improvement a�ects a network in which users can also change mode.

6.3 Baseline checks

The reconstructed route kernel has spectral radius0:369, safely below one. The full equilibrium Jacobian
has condition number 9:16� 103, below the package gate of1012. The maximum inverse-gap residual is
1:10� 10� 15, the closure-ladder residual is0, and the largest analytical component-reconstruction residual
is 1:65� 10� 13. These checks establish that the reported derivatives solve the stated numerical model.
They do not turn the synthetic parameters into empirical estimates.

6.4 Tra�c and primitive-cost rankings

The mean Traditional-approach elasticity is 0.010520, compared with a mean primitive-cost welfare
elasticity of 0.005425. The median and maximum primitive-cost elasticities are 0.004871 and 0.010177. For
the con�gured 1.0 percent primitive improvement, the mean primitive-cost elasticity implies a �rst-order
log-welfare gain of 0.00005425, approximately 0.005425 percent. This is a local bene�t prediction, not a
project net present value.
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Figure 4: Extended-approach primitive-cost welfare elasticities for physical road-link policies. Multiplying an
elasticity by 0:01 gives the �rst-order welfare gain from the con�gured one-percent improvement. The blue line and
terminal rings mark links on which transit is also available.

Bene�ts are largest on the central row and column, where economic activity and network use are
concentrated. The transit spine does not make the central road links unimportant. It changes how their
direct cost savings propagate through modal allocation and congestion.

Figure 5: Traditional- and Extended-approach welfare elasticities for the 40 physical road improvements. The
dashed line is the 45-degree line. Labels identify the largest upward and downward rank changes.
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The Pearson correlation is 0.990, and the Spearman correlation is 0.909. The close linear relation
re�ects the importance of baseline tra�c. It does not imply identical rankings. Link H_r5_c1 rises from
26 under the Traditional approach to 17 under the primitive-cost e�ect. Link V_r3_c2 falls from 17 to
28. These links have similar tra�c but di�er in their access to the high-activity cross-axis and the transit
spine. The Extended approach values that di�erence in equilibrium incidence.

Table 1: Highest-ranked physical road links under the primitive-cost welfare e�ect

Link Traditional Extended Traditional rank Extended rank

Row 3, columns 3-4 0.021040 0.010177 1 1
Row 3, columns 2-3 0.020960 0.010069 2 2
Row 3, columns 4-5 0.019120 0.009481 3 3
Row 3, columns 1-2 0.018880 0.009214 4 4
Column 3, rows 3-4 0.015640 0.007433 5 5
Column 3, rows 2-3 0.015240 0.007312 6 6
Column 3, rows 4-5 0.014440 0.007294 7 7
Column 3, rows 1-2 0.013240 0.006849 8 8

The highest-ranked link, Row 3, columns 3�4, has a Traditional-approach elasticity of 0.021040, a full
realized-cost e�ect of 0.022809, and a primitive-cost e�ect of 0.010177. The highest-ranked links are stable
across the tra�c and primitive-cost measures. Ranking changes occur farther down the list, where direct
tra�c di�erences are smaller and equilibrium propagation has more scope to matter. A high correlation
or agreement at the top therefore does not establish that the two criteria are equivalent.

6.5 Closure ladder

The common-baseline ladder separates the modeled e�ects without recalibrating the starting equilibrium.
Applying the cases de�ned in Section 4.3, the mean realized-cost elasticities are

NC NT F FM FR
mean elasticity 0:010594 0:012138 0:012279 0:012280 0:012621:

Moving from NC to NT adds road congestion; moving fromNT to F adds terminal congestion. Comparing
F with FM or FR isolates the local mode and route wedges. Their mean normalized values are 0.000050
and 0.020109, respectively. Because these are normalized multipliers, their signs should be interpreted
together with � , not as welfare levels on their own.
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Figure 6: Closure ladder and exact welfare decomposition. Panel (a) moves from the Traditional approach
through the no-congestion, road-congestion, and full realized-cost cases to the Extended-approach primitive-cost
e�ect. The hollow FM and FR markers hold modes and routes �xed. Panel (b) reports the signed contributions to
Traditional-approach welfare minus primitive-cost welfare; positive values widen the gap and negative values o�set
it.

Panel (a) of Figure 6 shows which additions change the mean welfare elasticity. Panel (b) accounts for
the gap between the Traditional approach and the primitive-cost mean. The common externality term
is 0.027352, but general-equilibrium propagation contributes -0.027426 and nearly cancels it. Road and
terminal congestion contribute -0.001543 and -0.000142. Primitive-cost pass-through contributes 0.006855
in the opposite direction. The components sum exactly to the mean di�erence between the Traditional
and Extended approaches.

The cancellation re�ects opposing economic e�ects rather than a failed identity: the reported residuals
are below the stated tolerance. Spatial externalities generate a common scale, whereas market-access
propagation depends on each link's position in the network, so the two contributions can have opposite
signs. The road and terminal terms measure changes in congestion exposure. Pass-through measures a
separate margin: induced tra�c partly o�sets the primitive cost reduction before it reaches aggregate edge
costs. Reporting signed levels displays these o�sets without dividing by a net gap that is small relative to
its components.

6.6 Adapting the example

First reproduce the committed grid before replacing its inputs. Section 1 then gives the complete work�ow
for creating an external data project, updating the package without overwriting that project, validating
the new baseline, and recording a new result vintage. The generic loader requires model-ready �ows and
does not automatically balance, symmetrize, or rescale them.

Other examples exercise specialized parsers and geometries and are catalogued in the repository's
examples index. Subsection 5.3 de�nes the distinction between numerical veri�cation and external
validation that also governs those examples.

7 Applications and extensions

Applications di�er in their spatial margins, available modes, and empirical �ow construction, even though
they use the same transport operators. The U.S. freight exercise shows the complete economic-geography
application. The urban material that follows changes the spatial equilibrium while retaining the recursive
routing, modal, and congestion maps.

41



Transport Network Welfare Practitioner Guide

7.1 U.S. freight

The freight application maps domestic and international value �ows onto a multimodal U.S. network and
evaluates bidirectional road improvements. We �rst de�ne the exercise and its �ow construction before
reporting the speci�cation, results, decomposition, and provenance.

7.1.1 Purpose

The paper applies the statistic to the U.S. freight network (Allen et al., 2026). The archived paper-
replication result has 234 nodes: 228 domestic locations and six foreign regions. The policy set contains
704 directed Interstate road arcs paired into 352 bidirectional physical links. Each experiment lowers the
primitive road cost by one percent in both directions of one physical link.

The exercise is a su�cient-statistic application. It does not estimate a new 234-location structural
model from raw microdata. The adapter combines model-ready domestic trade and modal �ow matrices,
location shares, the road network, and directional 2017 Census port trade. It then checks and constructs
the inputs required by the derivative.

7.1.2 International �ows

The headline vintage preserves separate import and export directions from public 2017 Census containerized
vessel trade (U.S. Census Bureau, 2026a). Port values are mapped to domestic nodes and six foreign
regions. The adapter �rst normalizes imports and exports separately. It then averages the normalized
U.S.-port margins across the two directions and does the same for the foreign-region margins. Iterative
proportional �tting projects each directional matrix onto these common margins while preserving its
observed zero pattern. The routine requires a maximum margin error below10� 12; it fails if the observed
support cannot sustain the common margins or if the iteration does not converge. Finally, the adapter
assigns one-half of the normalized foreign-water modal mass to each direction. This balancing step is part
of the model adapter. It does not assert that raw port-level imports and exports are equal.

The raw monthly API cache is not committed. The repository instead provides a credential-safe
downloader, port and foreign-region crosswalks, and the aggregate derived overlay. It also records source
metadata and hashes, along with diagnostics for coverage, iteration counts, margin errors, total variation,
and node-level residuals. The work�ow reads the API key from the environment. Its tests and secret scan
verify that the tracked cache metadata, URLs, manifests, and outputs contain no key.

7.1.3 Headline speci�cation

The archived con�guration uses:

� = 0 :10; � = � 0:30; � = 9 ; � = 1 :099; 
 road = 0 :092:

Subsection 5.1 documents the corresponding calibration sources: Allen and Arkolakis (2014, 2020) and
Fuchs and Wong (2026). It usesChoiceLogsum, all observed transport modes in equilibrium, edge-local
road congestion, and no headline terminal congestion. The con�guration �eld retains the historical name
lambda_road; 
 road is the theoretical congestion elasticity used in this guide. These parameters imply
e = � 0:5 and � = � 1:6. The common factor � scales all links equally. Tra�c, pass-through, and the two
market-access multipliers generate the cross-link ranking. The sign of� alone does not determine the
welfare sign because the multiplier sum is also signed; the archived baseline produces positive bene�ts.

The policy is a primitive road-cost improvement. The Traditional approach uses the two-direction
road tra�c share. The full realized-cost e�ect changes the cost users face after congestion. The Extended
approach reports the full primitive-cost e�ect and includes route, mode, congestion, and spatial-equilibrium
responses.

7.1.4 Archived paper-replication results

The current package reproduces the archived numerical reference:
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Table 2: Archived physical-link result summary

Measure Value

Physical links 352
Mean Traditional-approach elasticity 0.0003872
Mean full realized-cost e�ect 0.0005134
Mean full primitive-cost e�ect 0.0002231
Median primitive-cost e�ect 0.0001807
Maximum primitive-cost e�ect 0.0008719
Pearson correlation with Traditional approach 0.947
Spearman rank correlation 0.959

Implementation. These values pass the package's accounting, algebraic, �nite-di�erence, and
reproducibility checks. Those checks verify the baseline construction and the derivative
calculation. They do not validate the calibrated congestion, modal, or spatial responses against
untargeted empirical outcomes.

The high correlations show that tra�c tracks the Extended approach closely across links. They do not
imply identical targeting. Only 4 links overlap between the two top-ten lists in the archived result vintage.
The paper reports names only where endpoints can be assigned by point-in-polygon matching to public
2018 Census CBSA geography.

7.1.5 Signed decomposition

To explain why the mean primitive-cost derivative di�ers from tra�c, apply the signed Hulten-gap identity
in Subsection 4.3 and average each level contribution across physical links:

Externality scale 0:0010068
Equilibrium propagation � 0:0011017
Road congestion � 0:0000313
Terminal congestion 0:0000000
Primitive-cost pass-through 0:0002903:

The externality and propagation terms have opposite signs, and each is large in absolute value relative to
their sum. They therefore nearly o�set. The full realized-cost mean exceeds the Traditional approach,
whereas primitive-cost pass-through lowers the headline primitive result. The decomposition reports
signed welfare levels because dividing these terms by the small net gap would produce unstable shares.

7.1.6 Interpretation

The result ranks local model-implied bene�ts, not project net present values. A high-ranked link may be
expensive to build, face environmental constraints, or con�ict with distributional objectives. Conversely, a
low-ranked capacity improvement may be justi�ed by safety or resilience bene�ts outside the model. The
appropriate use is to add the spatial-equilibrium bene�t measure to a broader appraisal, not to suppress
the rest of the appraisal.

7.1.7 Result provenance

The guide asset script reads a public-safe aggregate replication record and checks it against the declared
con�guration, input, source-result, and output hashes in replication/rsue/expected_summary.toml .
With restricted results present, it also veri�es the full directed and physical output �les. The archived
vintage requires the stated network counts, the numerical gates, a hash-bound �nite-di�erence report, and
deterministic outputs. Appendix F records the reproducibility boundary; the repository audit contains
the developer-level kernel lineage.

43



Transport Network Welfare Practitioner Guide

7.1.8 Reproducing with external inputs

Set the external data root and run the locked environment:

export RSUE_DATA_ROOT=/path/to/hash-verified/rsue-inputs
julia --project=replication/rsue/environment \

-e 'using Pkg; Pkg.instantiate()'
julia --project=replication/rsue/environment \

replication/rsue/verify_choice_logsum_fd.jl \
replication/rsue/rsue_paper_choice_edge_census_2017.toml \
replication/rsue/verification/choice_logsum_rsue_fd.toml

julia --project=replication/rsue/environment \
replication/rsue/build_paper_artifacts.jl

The manifest rejects �les whose hashes di�er from the declared data vintage. There is no fallback to the
legacy port matrix.

The freight application keeps the paper's economic-geography model. The urban application instead
changes the spatial residuals and welfare projection while retaining the same route, modal, and congestion
operators. The next subsection describes its implementation and data requirements.

7.2 Urban commuting and public transit

The freight application uses goods-market clearing and mobile labor to map transport costs into welfare.
Urban applications instead use residence and workplace choices. Because both settings share the transport
block, the extension changes the spatial residuals and welfare projection while leaving route and mode
aggregation intact.

7.2.1 Urban implementation and veri�cation

The urban application changes the spatial model, not the transport technology. In the freight model,
locations produce and consume traded goods. In the urban model, workers choose residences and
workplaces and travel between them. These choices produce di�erent equilibrium residuals and a di�erent
welfare row. For any given residence�workplace �ow, however, commuters face the same recursive routes,
modal logsum, and congestion feedback as shipments in the freight model.

Section 3 de�nes the residence�workplace model, and Subsection 4.2 shows how its Jacobian and welfare
row enter the shared transport derivative. The implementation stores those model-speci�c quantities in
UrbanEngine. The route, modal, congestion, and primitive pass-through maps remain in the common
transport modules.

The one-mode regression oracle independently codes the Allen�Arkolakis urban derivative (Allen and
Arkolakis, 2022). The shared engine must reproduce its state response and welfare derivative below10� 10,
including the 1 + � U 
 congestion denominator. To see the role of this denominator, consider one road
mode with edge-local congestion elasticity
 . A lower primitive edge cost attracts additional tra�c, which
raises the realized cost. Route demand responds with curvature� U , so the congestion feedback attenuates
the primitive shock by the factor 1=(1 + � U 
 ). Reproducing this factor veri�es that the shared transport
operator has the same local feedback as the original one-mode urban system.

The multimodal urban example adds road and transit to the same model and compares the analytical
IFT with an independently solved nonlinear system underNC, NT, F, FM, and FR. The tests allow residence
and workplace margins to di�er and include both road and transit modes under edge and endpoint-terminal
congestion. They also verify the one-mode, unique-route, no-congestion, and zero-terminal limits, as well
as invariance to node and mode permutations.

Run the self-contained example with:

julia --project=. bin/tnw.jl validate \
examples/urban_multimodal/config.toml
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julia --project=. bin/tnw.jl decompose \
examples/urban_multimodal/config.toml

7.2.2 Endpoint-terminal congestion

Edge congestion assigns tra�c feedback to a particular edge-mode. Terminal congestion aggregates
a�ected �ows using a terminal and applies the cost response to incident edge-mode pairs. The terminal
identi�ers are explicit input �elds; geographic co-location is not enough.

In the freight extension, rail tra�c loads the terminals at both endpoints with elasticity 0:096, estimated
by Fuchs and Wong (2026). The main paper result excludes terminal congestion. Sensitivity to terminal
congestion is therefore an extension diagnostic, not a headline parameter sensitivity.

7.2.3 Seattle multimodal candidate

Practical caution. The Seattle module is a candidate empirical application. Its multimodal
urban derivative and accounting checks are implemented, but route ridership, generalized modal
costs, Seattle-speci�c substitution, and congestion parameters require additional evidence before
the results can be used as an empirical appraisal.

The Seattle work�ow combines the published 217-location Allen�Arkolakis urban geography (Allen
and Arkolakis, 2022) with 2017 LODES residence�workplace commuting (U.S. Census Bureau, 2026b)
and 2017 ACS residential commute-mode shares (U.S. Census Bureau, 2017). A hash-pinned June 2017
King County GTFS feed supplies the transit network and schedules (King County Metro, 2017a). The
Metro system evaluation enters only as an external comparison (King County Metro, 2017b).

The baseline uses� = 1 :099, transferred from the freight application in Fuchs and Wong (2026). It is
not estimated from Seattle data. Baseline modal shifters reproduce the constructed shares;� controls the
local response after an improvement. The work�ow therefore reports sensitivity at0:75, 0:90, 1:099, 1:25,
and 1:40.

GTFS describes stops, trips, shapes, and schedules. It does not provide passenger counts. ACS supplies
residential mode shares, not route-level ridership. The builder routes a common commuter population to
obtain a model-consistent road and transit baseline, records fallback and coverage, and uses the Metro
table only as an external comparison.

7.2.4 Transit policies

The work�ow evaluates bus, Link light rail and streetcar, and ferry policies separately and together. A
link policy lowers primitive generalized cost on one directed transit edge-mode. Reciprocal pairs are
aggregated only when both directions exist.

A named route corridor changes several edge-mode costs at once. Letb denote its set of edge-mode
pairs, we;m the relative cost-reduction weight assigned to pair(e; m), and Ee;m its marginal welfare
elasticity. Linearity of the �rst-order derivative gives the elasticity of the bundled reduction:

Eb =
X

(e;m)2 b

we;mEe;m :

Shared segments change the aggregate mode cost on that segment. The result is not interpreted as a
shock exclusive to one operator's vehicles.

Maps distinguish road, bus, Link light rail, Seattle Streetcar, and ferry by color. Line width represents
the primitive-cost welfare gain, not ridership. Subway or light-rail vision maps that include proposed
future lines are not a baseline description of the 2017 network.
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7.2.5 Remaining empirical work

The package computes and veri�es the multimodal urban derivative, but a publication-quality Seattle
transit application still requires observed passenger counts by route or segment and mode-speci�c measures
of generalized cost and service quality. It also needs a Seattle-speci�c estimate or external calibration
of � , evidence on crowding or terminal-congestion elasticities, and validation against commuting and
ridership outcomes that were not used to construct the baseline. These requirements concern measurement
and calibration, not the IFT method. Until they are met, the Seattle module tests the implemented
residence�workplace derivative and multimodal transport operators but does not provide an empirical
transit appraisal. These empirical boundaries also govern how results from the Seattle module should be
described. Section 8 explains how they enter interpretation and reporting.
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8 Interpretation and reporting

A transport improvement �rst changes the generalized cost of using a link. Tra�c on that link measures
the direct saving. At an e�cient interior baseline, the envelope theorem makes this tra�c-based statistic
the complete �rst-order welfare e�ect: subsequent changes in routes, modes, prices, and locations have no
additional �rst-order value. This result explains both the appeal of social-savings calculations and the
conditions under which they are su�cient.

The Extended approach is needed when the baseline contains congestion or spatial externalities. Route
and modal responses then move activity across wedges, and the primitive policy shock need not pass
one for one into the realized transport cost. Proposition 2 organizes these adjustments as tra�c times
pass-through and market-access multipliers. The adjoint calculation implements the same derivative for
the declared set of candidate links without resolving a separate counterfactual equilibrium for each one.
The model decomposition then asks which modeled e�ect accounts for the di�erence from the Traditional
approach.

The economic-geography and urban-commuting applications share this transport calculation. They
di�er in the spatial equilibrium that maps transport costs into production and consumption or into
residence and workplace choices. Consequently, a practitioner must choose the spatial model before
interpreting the welfare result. The same network and tra�c data can imply di�erent welfare derivatives
when the underlying economic adjustment margin changes.

Three checks support di�erent claims. Accounting checks establish that the input �ows, routes, modes,
and policy units form a coherent baseline. Derivative and �nite-di�erence checks establish that the code
computes the stated model. Comparisons with untargeted �ows, costs, or outcomes assess whether that
model �ts a particular application. Passing one class of checks does not substitute for passing the others.

The output is a local model-implied bene�t from a speci�ed transport-cost change. It is not a complete
project appraisal. Construction and �nancing costs, safety, local pollution, displacement, and distributional
incidence must be added separately when they matter for the decision. A reproducible run therefore
reports the policy unit, economic model, parameters, input transformations, diagnostics, and artifact
hashes alongside the welfare elasticity. Reported in this form, the statistic extends tra�c-based accounting
by measuring the spatial-equilibrium correction implied by the stated model and data. The reference
appendices provide the notation-to-code crosswalk, algorithms, schemas, numerical tests, example results,
and provenance needed to audit that calculation.
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Part IV Reference appendices

The main guide emphasizes the sequence from policy de�nition to an interpretable result. The appendices
collect the notation, algorithms, schemas, tests, additional examples, and provenance needed to reproduce
or extend a particular stage without interrupting that sequence.

A Notation and equation-to-code crosswalk

Sections 3 and 4 present the two spatial models and their common transport calculation in economic
notation. This appendix records the corresponding code quantities and �xes the orientation and sign
conventions used by the algorithms in Appendix B.

A.1 Core notation

Symbol or term Economic meaning Code representation

i; j; k; l Location and directed-edge endpoints Integer node indices plus string
node IDs

m Transport mode Symbol and mode index
�� ij;m Primitive edge-mode iceberg cost Policy shock selector
� ij;m Realized edge-mode cost after congestion Congestion state map
� ij Aggregate directed-edge modal logsum Saggand modal response
� ij Bilateral route cost index Route resolvent and soft-route

operators
� ij;m Edge�mode tra�c:

world-income-normalized value �ow in
economic geography or normalized
commuter �ow in the urban model

Mode-�ow sparse matrix

� ij Aggregate edge tra�c data.Xi
sij;m Modal tra�c and cost-elasticity share data.s_edges and basis.Sagg
Pi ; Qi Inward and outward market-access stocks Reconstructed exposure

quantities
T G

i Trade exposure before local absorption node_visit_stock ; technical
legacy name

T U
i Urban commuting exposure satisfying

lFi + Oi = lRi + I i

node_visit_stock under urban
loading

lRi ; lFi Urban residence and workplace margins data.residence ,
data.workplace

zG 2 R2N Economic-geography state, ordered as the
column vector of outward and inward
transformed log variables

AdjointRSUE state vector

zU 2 R2N +1 Urban state, ordered as residence logs,
workplace logs, and the welfare normalizer

UrbanEngine state vector

$ U Urban equilibrium normalizer, with
d logW = � d log$ U =� U

Final urban state component;
historical code namechi_U

� ij Outward continuation share data.mu
� in

ij Inward continuation share data.lam
sx

i ; sy
i Local outward and inward absorption shares data.sx , data.sy
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Symbol or term Economic meaning Code representation

�; � Model-speci�c spatial response parameters:
productivity and amenity elasticities in
economic geography; workplace and
residence response parameters in the urban
model

StructuralParameters

� Trade elasticity parameters.sigma
� U Urban commuting heterogeneity and route

curvature
model.theta , stored internally
through � � 1

� Modal substitution parameter ChoiceLogsum.eta
! Route curvature � � 1 or urban

� U = model.theta
� ijm Primitive edge-mode log-cost policy Policy selector and

primitive_forcing

 e;m Edge�mode congestion elasticity Typed congestion speci�cation;

legacy con�guration �elds use
lambda names

e Transformation regularity scalar AdjointRSUE.Coef.e
� Externality and welfare scaling coe�cient AdjointRSUE.Coef.rho
Jc;0; Jc;S Model-speci�c no-congestion and full spatial

Jacobians
closures.J0 , closures.F , etc.

qc Welfare gradient in the selected spatial state welfare_gradient
 c Adjoint solution to J >

c  c = qc Transposed linear solve in
operator_gain

br ; b� Realized and primitive shock forcing realized_forcing ,
primitive_forcing

� ijm ; � ijm Aggregate-cost pass-through and its
modal-share normalization

primitive_forcing

� ef f
e Welfare-e�ective primitive-to-realized ratio chi_effective where de�ned

A.2 Main equations

Theory quantity Construction Primary implementation

Modal logsum Negative-power aggregation
and share derivative

modal_power,
pair_response_matrices

Recursive routing and
curvature

T = ( I � K ) � 1, with ! = � � 1
in the paper

reconstruct_route_kernel ,
route_curvature

Bilateral reconstruction diag(o)T diag(a) soft_route_operators
Edge�mode tra�c � e;m = se;m � e mode_flows, Sagg
Tra�c factorization Continuation share times

exposure
shares_from_traffic , route
diagnostics

Transformed inverse map (x; y) to economic variables inverse_state_map
Economic-geography
spatial Jacobian

Sparse four-block system plus
aggregate feedback

AdjointRSUE.assemble_J

Urban spatial Jacobian Residence�workplace system
and two margin normalizations

UrbanCommutingIFT.jacobian ,
UrbanEngine

Congestion elimination Schur complement build_transport_closure
Adjoint derivative q>

c J � 1
c;Sbc operator_gain
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Theory quantity Construction Primary implementation

Realized and primitive
forcing

br versusb� realized_forcing ,
primitive_forcing

Primitive pass-through � from the transport response
and � = �=s

primitive_forcing ,
effective_ratio

Paper Proposition 1 E�cient derivative equals value
tra�c

Hulten tests and
decomposition_rows

Paper Proposition 2 Tra�c times �; � , and access
multipliers

Adjoint projection; scalar helper for
oracle tests

Urban welfare derivative q>
U J � 1

U;SbU;p UrbanEngine, operator_gain
Closure ladder NC, NT, F, FM, FR build_closures
Inverse-gap identity Di�erence between closure

derivatives
inverse_gap

Mixed decomposition General allocation, scarcity,
and equilibrium formula; the
current common-baseline
speci�cation leaves only
scarcity nonzero

mixed_channels

Physical aggregation Sum reciprocal policies before
normalization

aggregate_physical

A.3 Orientation conventions

An edge tuple (i; j ) means origin i , destination j . In the row-oriented continuation matrix � , the element
� ij is the share leavingi on edgei ! j . The inward share is stored using the same edge orientation, with
destination exposure in the denominator. Code that di�erentiates the second market-access recursion uses
the transpose where required.

The policy selector indexes positive-�ow edge-mode pairs rather than all possible matrix cells. The
directed result retains both integer indices and source IDs. Physical aggregation relies on endpoint IDs
and the declaredphysical_link_id , not adjacency-matrix symmetry alone.

A.4 Signs

Costs enter as log increases, while reported bene�ts correspond to cost reductions:

Ep = �
d logW
d log �� p

:

The Hulten tra�c share is positive. The primitive and realized elasticities are stored as positive bene�ts
under this convention. Decomposition wedges and decomposition components remain signed and can be
negative.

The coe�cient � can be negative. Do not replace signed products by absolute values. A negative�
and negative access multiplier sum can produce a positive bene�t.

A.5 Legacy aliases

The mathematical audit and early code use �node-visit stock� or �occupation stock� for the recursive
exposure quantity. These are technical descriptions of the resolvent. The paper and guide use �trade
exposure� for T G

i and �commuting exposure� for T U
i . The code function name is preserved for compatibility.

The positive-power modal type ComponentCESis legacy-only . Its congestion helpers are not part of
the active ChoiceLogsumimplementation. The distinction changes the economics of modal substitution;
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it is not a cosmetic sign convention.

B Computational algorithm

Subsection 5.2 describes the package architecture. This appendix follows one policy derivative through
validation, route reconstruction, closure construction, the adjoint solve, and the decomposition. The
pseudocode omits storage and dispatch details but preserves the mathematical order of operations.

B.1 Validation algorithm

Validation must establish a common baseline before any Jacobian is assembled. The algorithm �rst checks
schemas and accounting, then reconstructs routes, and only then tests the full welfare closure:

function validate_project(config)
project = load_project(config)
data = load_network(project)

check_schema(data)
check_mode_and_congestion_keys(project, data)
check_physical_policy_pairs(project, data)
check_flow_and_exposure_accounting(data)

basis = reconstruct_route_basis(project, data;
include_fixed=false)

require(basis.spectral_radius < 1)
require(basis.margin_error <= tolerance)
require(basis.edge_error <= tolerance)

closure = build_full_welfare_closure(project, data, basis)
require(condition_number(closure) <= condition_limit)
return validation_summary(project, data, basis, closure)

end

Validation builds only the quantities needed for the welfare calculation. It does not construct the full
�xed-route incidence matrix.

B.2 Closure-selected welfare algorithm

For welfare analysis, the route basis supplies the transport derivatives and the selected spatial builder
suppliesJc;0, qc, and B �;c . The Schur complement in(4.5) combines them before the adjoint projection in
(4.4):

function all_welfare_effects(project)
data = load_network(project)
basis = reconstruct_route_basis(project, data;

include_fixed=false)

J0, q, B = build_spatial_system(project, data)

transport_F = transport_closure(project, data, basis,
flexible_routes=true,
flexible_modes=true,
edge_congestion=true,
terminal_congestion=true)

JF = J0 + transport_F.feedback
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b_primitive = primitive_policy_forcing(B, transport_F, basis)
adjoint = solve(transpose(JF), q)
elasticities = transpose(adjoint) * b_primitive

return directed_and_physical_results(elasticities, data, project)
end

For economic_geography, build_spatial_system constructs the transformed trade system and
common-utility welfare row. For urban_commuting, it constructs the residence�workplace Jacobian and
the welfare row whose last entry is� 1=� U . The remaining transport and adjoint steps are unchanged.

The implementation uses sparse matrices where possible. The schematicsolve represents a factorization
and backsolve, not an explicit inverse.

B.3 Full decomposition algorithm

Decomposition di�ers from ordinary analysis because it must construct the �xed-route basis and all
common-baseline closures. It then applies the same realized forcing to each closure and reserves the
primitive forcing for the full model:

function decompose(project)
data, basis = build_route_basis(project; include_fixed=true)
J0, q, B = build_spatial_system(project, data)

NC = closure(J0, no_congestion,
flexible_routes, flexible_modes)

NT = closure(J0, edge_congestion,
flexible_routes, flexible_modes)

F = closure(J0, full_congestion,
flexible_routes, flexible_modes)

FM = closure(J0, full_congestion,
flexible_routes, fixed_modes)

FR = closure(J0, full_congestion,
fixed_routes, flexible_modes)

b_realized = realized_policy_forcing(B, basis)
b_primitive = primitive_policy_forcing(B, F, basis)

E = adjoint_gains((NC, NT, F, FM, FR), q, b_realized)
Eprimitive = adjoint_gain(F, q, b_primitive)

check_inverse_gap_identities(E, (NC, NT, F, FM, FR))
if project.spatial isa EconomicGeography

channels = analytical_mixed_updates(F, FM, FR)
check_channel_reconstruction(channels)

else
channels = signed_closure_gaps(E)

end
check_hulten_accounting(E, Eprimitive, traffic)

return write_decomposition(E, Eprimitive, channels)
end

Both models report exact full-versus-no-congestion, �xed-mode, and �xed-route gaps. The �ner
allocation, scarcity, and equilibrium-correction split is derived and reported only for economic geography.
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B.4 Analytical decomposition of each di�erence

The economic-geography decomposition separates each closure Jacobian into analytically constructed
blocks:

JG;S = DS + uSv>
S + � edge;S + � terminal;S :

The sparse blockDS contains local allocation and route shares. The rank-one term imposes aggregate
labor feedback and normalization. The �nal two terms contain edge and endpoint-terminal congestion.
These blocks come from the di�erentiated residual equations rather than a numerical matrix factorization
�tted after the fact.

The common-baseline construction leavesDS, uS, and vS unchanged across the �ve equilibrium
closures. For road and terminal comparisons, the code evaluates the inverse di�erence with a structured
parallel-sum formula. Their allocation and aggregate-equilibrium components are exact zeros, so the
congestion-scarcity component carries each wedge.

The code evaluates mode and route comparisons through the general mixed update rather than
assigning their zero components by convention. LetCA:F be the sparse allocation update from the full
closure toward A 2 f FM; FR g, and let SA:F be the corresponding congestion-scarcity update. After
applying those two updates, de�ne

fK A:F = JF + SA:F + CA:F :

The remaining aggregate-feedback di�erence has the analytical rank-two form

JA = fK A:F + RA:F Q>
A:F :

Sequential use of the inverse-gap identity and the Woodbury formula then gives

dr = dalloc
r + dscar

r + deq
r ; r 2 f mode; routeg:

The three terms respectively change the sparse allocation core, congestion exposure, and aggregate
feedback. The implementation evaluates the general formulas even thoughCA:F = 0 and RA:F Q>

A:F = 0
in the current speci�cation. It rejects a result if the Jacobian reconstruction, rank-two identity, implied
zero, or component sum exceeds tolerance.

B.5 Route reconstruction

Let K be the continuation matrix, o the source margin, anda the destination absorption vector. For
distinct source and destination margins, the reconstruction used in Subsection 3.5 is:

K = continuation_matrix(edge_traffic, exposure)
T = inverse(I - K)
Xod = Diagonal(source_margin) * T * Diagonal(absorption)

require(maximum(abs.(sum(Xod, dims=2) - source_margin)) <= tol)
require(maximum(abs.(sum(Xod, dims=1)' - destination_margin)) <= tol)
require(edge_incidence(Xod, K) matches observed_edge_traffic)

The code uses linear solves rather than materializinginverse(I-K) when possible. The notation displays
the resolvent identity directly.

B.6 Primitive forcing

Let p index active edge-mode pairs and letD inject policy shocks into those pairs. The matrix Sagg

aggregates pair costs to directed edges,Croute maps aggregate edge costs into route responses, andL lifts
aggregate edge responses back to edge-mode tra�c at baseline modal shares. With modal powerpm = � � ,
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the direct edge-mode tra�c response to all primitive policy shocks is

� direct
� = L(Croute SaggD) + pm (D � LSaggD):

The second term is the within-edge modal substitution response. LetA aggregate edge-mode tra�c
into congestion quantities, Xq map congestion costs back into edge-mode tra�c, andG map congestion
quantities into realized edge-mode costs. Substituting the tra�c response into the congestion equation
gives

g� = ( I � AXq) � 1A� direct
� :

The resulting aggregate directed-edge cost response is

h� = Sagg(D + Gg� );

so the primitive forcing in the spatial residual system is

b� = B � h� :

These substitutions are implemented in primitive_forcing . When several edges share a terminal
congestion state,g� can change costs away from the improved edge; primitive pass-through is then
nonlocal.

B.7 Complexity

Let N be nodes,E active directed edges,P active edge-mode pairs, andQ congestion states. The welfare
path requires route reconstruction, anO(N )-dimension spatial factorization, a Q-scale transport solve,
and sparse products for all policy pairs. The full route decomposition additionally stores origin-destination
edge incidence, which can scale asN 2E.

The validator reports a pre�ight memory estimate. For large assignment networks, useanalyze unless
the �xed-route comparison is essential and the incidence matrix is computationally feasible.

C Input schemas and con�guration

Subsection 5.1 states the economic requirements on inputs and policies. This appendix gives the corre-
sponding TOML �elds and CSV columns. The examples declare the model speci�cation directly. They do
not encode an undocumented preprocessing step.

C.1 Minimal economic-geography con�guration

schema_version = 1
name = "my-network"

[input]
adapter = "generic_csv_v1"
nodes = "data/nodes.csv"
edge_modes = "data/edge_modes.csv"

[model]
spatial_specification = "economic_geography"
alpha = 0.10
beta = -0.30
sigma = 9.0
modal_specification = "choice_logsum"
eta = 1.099
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route_curvature = "theorem"

[congestion]
specification = "edge"
[congestion.edge]
road = 0.092

[policy]
mode = "road"
unit = "both"
shock_fraction = 0.01

[output]
directory = "output"

[diagnostics]
tolerance = 1.0e-10
condition_limit = 1.0e12

The numerical values in this template use the paper calibration documented in Subsection 5.1; they are
not defaults for an unrelated application.

C.2 Spatial speci�cation

economic_geography requires �; �; � , with route curvature � � 1. urban_commuting instead requires
�; �; � U , where � U is supplied by the TOML �eld theta . Internally, � = � U + 1 supplies the shared route
curvature. Residence and workplace columns replace labor and income shares. The complete public urban
con�guration is examples/urban_multimodal/config.toml .

C.3 Modal speci�cation

choice_logsum is the negative-power modal cost index used by the active paper and urban extension.
component_cesis a legacy-only positive-power component index and should be used only for declared
provenance replications. Both require �nite � > 0.

C.4 Congestion speci�cation

None

[congestion]
specification = "none"

Mode-level edge congestion

[congestion]
specification = "edge"
[congestion.edge]
road = 0.092

Edge-speci�c congestion

[congestion]
specification = "edge"
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source = "input_column"
column = "congestion_elasticity"
scale = 1.0

Each active edge-mode row must contain a �nite nonnegative value in the selected column. Mode-level
and column-based values cannot be mixed.

Endpoint-terminal congestion

[congestion]
specification = "endpoint_terminal"
endpoint_scale = 1.0
[congestion.terminal]
rail = 0.096

Each positive-congestion pair must identify both endpoint terminals.

Composite congestion

[congestion]
specification = "composite"
endpoint_scale = 1.0
[congestion.edge]
road = 0.092
[congestion.terminal]
transit = 0.04

C.5 Policy units

directed_arc writes directed results only. physical_link requires reciprocal pairs and writes physical-
link results only, while both writes both result sets.

C.6 Economic-geography node schema

Column Required Meaning

node_id Yes Stable unique identi�er
labor Yes Positive normalized labor share
income Yes Positive normalized income share
longitude No Finite map coordinate
latitude No Finite map coordinate

C.7 Urban node schema

The urban adapter uses the samenode_id , longitude , and latitude columns as the economic-geography
adapter. It replaces labor and income with the two margins below.

Column Required Meaning

residents Yes Normalized residence marginlR

employment Yes Normalized workplace marginlF
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C.8 Edge-mode schema

Column Required Meaning

edge_id Yes Directed edge identi�er, shared by modal rows on
the same directed connection

physical_link_id Yes Identi�er used for reciprocal aggregation
origin Yes Existing node ID
destination Yes Existing node ID, distinct from origin
mode Yes Nonempty mode name
flow Yes Finite positive normalized value �ow
origin_terminal_id When used Required for endpoint-terminal congestion
destination_
terminal_id

When used Required for endpoint-terminal congestion

congestion_elasticity When used Required when selected as the edge-congestion
source

C.9 Sensitivity

[sensitivity]
alpha = [0.06, 0.08, 0.10, 0.12, 0.14]
beta = [-0.38, -0.34, -0.30, -0.26, -0.22]
eta = [0.75, 0.90, 1.099, 1.25, 1.40]
lambda_road = [0.00, 0.04, 0.092, 0.14]

Column-based congestion usesedge_congestion_scale rather than a mode-speci�c lambda path.

D Numerical veri�cation

Subsection 5.3 explains how to interpret accounting, algebraic, and empirical checks. This appendix
records the tests and numerical gates used to accept the �rst two classes. Passing them establishes �delity
to the speci�ed model; it does not establish external validity.

D.1 Acceptance tolerances

Table 3: Default veri�cation gates

Check Tolerance

E�cient Hulten collapse 10� 8

Algebraic closure and decomposition identities 10� 10

Route margins and edge reconstruction 10� 10

Choice-logsum nonlinear �nite di�erences 10� 6 absolute
Nonlinear equilibrium residual 10� 10

Maximum accepted condition number 1012

D.2 Modal tests

Tests di�erentiate the nonlinear ChoiceLogsumindependently and compare it with the analytical modal
matrix. A cost reduction must shift tra�c toward the improved mode. Mode permutation must leave
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aggregate results unchanged after labels are restored.ComponentCESis also kept under regression test,
but only as a legacy speci�cation.

One-mode cases must satisfyFM= F. A zero-�ow mode is not an interior active pair and cannot be a
policy target.

D.3 Route tests

Route tests check contraction, absorption, bilateral margins, and edge tra�c. Flexible-route derivatives are
compared with central di�erences of the resolvent. Fixed-route incidence is reconstructed independently.

In a unique-route network, FR= F. Parallel-route �xtures must produce a veri�ed nonzero route wedge.
Node permutations must preserve the economic result.

D.4 Congestion tests

Edge and terminal congestion are tested separately and jointly. Zero congestion implies:

NC= NT= F; E � = E r :

Zero terminal congestion impliesNT= F. Unknown congestion keys, positive values for inactive modes,
and missing terminal identi�ers must fail during validation.

The grid example checks edge and endpoint-terminal congestion separately. Its zero-terminal version
must satisfy NT= F. Package examples with edge-speci�c BPR elasticities retain a separate formula and
�nite-di�erence regression test, but they are outside the guide's worked example.

D.5 Spatial and welfare tests

The Python oracle provides 55 checks of the corrected transformed economic-geography system. Julia
�xtures compare Jacobian blocks, the welfare row, the Hulten limit, and the legacy result interfaces.

The active choice-logsum path is checked independently using nonlinear equilibria. The freight
veri�cation chooses a deterministic tra�c-strati�ed set of arcs, solves positive and negative primitive
shocks, and binds the report to con�guration, input, and source hashes.

The guide example adds central �nite di�erences for one road improvement and one transit improvement.
It also checks its e�cient Hulten limit, one-mode limit, zero-terminal limit, route contraction, and full
decomposition identities. Unique-route equality is covered by a separate deterministic �xture because a
grid intentionally has alternative routes.

D.6 Urban tests

The one-mode urban oracle checks the Allen�Arkolakis state response and welfare derivative. The shared
multimodal engine is then compared with UrbanNonlinear.jl , which solves the nonlinear equilibrium
independently.

Tests coverNC, NT, F, FM, and FR; distinct residence and workplace margins; road and transit; terminal
congestion; and mode and node permutation.

D.7 Output tests

Output tests verify the behavior of directed, physical-link, and combined policy units, including reciprocal
aggregation without dropped or duplicated directions. They also check strict JSON treatment of missing
values and key collisions, shock-fraction scaling of generated TeX macros, deterministic output hashes,
and full Census CBSA labels, including hyphenated names.

D.8 Clean-clone acceptance

A release candidate must pass:
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julia --project=. -e 'using Pkg; Pkg.instantiate()'
julia --project=. -e 'using Pkg; Pkg.test()'
julia --project=. bin/tnw.jl validate \

examples/grid_multimodal/config.toml
julia --project=. bin/tnw.jl decompose \

examples/grid_multimodal/config.toml
julia --project=docs -e \

'using Pkg; Pkg.develop(path="."); Pkg.instantiate()'
julia --project=docs docs/make.jl
make practitioner-guide-assets
make practitioner-guide-check
python3 scripts/verify_provenance.py
python3 scripts/scan_secrets.py
git diff --check

The Julia calculations and PDF build require no restricted inputs, Overleaf, Dropbox, or credentials.
Asset regeneration uses the pinned environment inplots/requirements.txt ; ordinary analysis and PDF
compilation do not.
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E Examples and application adapters

The worked grid in Section 6 is the shortest route through the entire calculation, but it is not the package's
only example. This appendix documents the repository's ten examples, including the external-data
builders whose raw inputs remain outside Git. The examples serve di�erent purposes. The toy, Braess, and
multimodal urban networks isolate speci�c parts of the calculation. Sioux Falls adapts a familiar tra�c
network, while Seattle and Westeros apply the two spatial models to larger geographies. A numerical
result appears only when the corresponding input passes the package's accounting and numerical checks.

E.1 Coverage and status

Example Spatial model Construction Status and role

Three-node toy Economic
geography

Hand-written labor, income,
road, rail, and terminal
records

Self-contained API and
sensitivity smoke test

Multimodal
grid

Economic
geography

Programmatically generated
5 � 5 road grid with a central
transit spine

Self-contained worked
example in Section 6

Braess-style
network

Economic
geography

Hand-written four-node,
two-route network with a
connector

Self-contained route-closure
test

Cow network Economic
geography

Original 30-node
three-dimensional geography;
optional external PLY mesh

Self-contained ranking
example; large mesh is on
demand

Sioux Falls Economic
geography

Pinned TNTP network, trips,
assigned �ows, and local BPR
elasticities

Veri�ed external-data
benchmark adaptation

Three-location
urban toy

Urban commuting Hand-written residence,
workplace, OD, and road-�ow
records

Self-contained one-mode
regression oracle

Multimodal
urban toy

Urban commuting Four locations, road and
transit, alternative routes, and
terminal congestion

Self-contained
shared-transport test

Seattle road
diagnostic

Urban commuting Published LODES and
HPMS/HERE inputs from the
Allen�Arkolakis replication

Rejected by the accounting
gate; no welfare result is
reported

Seattle
multimodal

Urban commuting LODES OD, ACS mode
shares, and hash-pinned 2017
GTFS service

Veri�ed candidate
application, not an externally
calibrated appraisal

Westeros Economic
geography

Public ArcGIS geography with
synthetic activity, trade, and
tra�c

Veri�ed illustrative
calculation; not an empirical
claim

The maps, scatters, and ranked tables below follow one design rule. Map color records the Extended-
approach welfare elasticity, line width rises with its absolute value, and node area records economic
activity. Each scatter uses the same scale on both axes, so the dashed line marks equality between the
Traditional and Extended approaches. The �gures generated from external data are frozen to input and
output hashes. Rebuilding them requires the source data, but compiling this guide does not.
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E.2 Self-contained economic-geography examples

These examples keep their model inputs in the repository and di�er in network structure and the economic
response they are designed to expose. The smallest case checks the API; the remaining cases add route,
modal, and congestion comparisons.

E.2.1 Three-node API toy

The smallest generic example has three locations and three reciprocal physical links. Road is available
on all three links, while rail is available on two links and loads an endpoint terminal at each end. The
input �les record positive labor and income at each location and model-ready value �ows by edge and
mode. The con�guration combines edge-local road congestion with rail-terminal congestion and evaluates
a one-percent bidirectional road improvement. Because the �les are short enough to inspect directly, this
example is the package's �rst check of parsing, normalization, modal aggregation, terminal identi�ers,
policy-unit handling, decomposition, and the seven sensitivity paths.

julia --project=. bin/tnw.jl validate examples/toy/config.toml
julia --project=. bin/tnw.jl decompose examples/toy/config.toml

The example is original to this package. Its coordinates are only plotting metadata, and its �ows are
economic value shares rather than measurements from the three cities named by those coordinates.

E.2.2 Multimodal grid

The grid used throughout the guide is generated byexamples/grid_multimodal/build_inputs.jl .
Reciprocal road links join adjacent locations on a5 � 5 lattice. Transit is available on the four links
along the middle row, and explicit terminal identi�ers load the terminal-congestion extension. Symmetric
directional �ows and positive location activity are chosen together so that the recursive-�ow identities
hold without balancing inside the estimator. Section 6 reports the network map, Traditional�Extended
comparison, ranked links, and exact decomposition. The example and all of its displayed assets are original
and fully distributable.

E.2.3 Braess-style routing network

The Braess-style example uses the four-node topology associated with the classic tra�c-planning paradox
(Braess, 1968). Two paths connect the outer locations, and a cross-link joins the intermediate nodes.
The package does not solve a Wardrop assignment, so the example does not claim to reproduce Braess's
paradox. Instead, reciprocal model-ready value �ows are placed on the �ve physical links. The full
�exible-route response can then be compared withFR, which holds baseline physical-edge use �xed. This
construction isolates the route term while retaining the economic-geography equilibrium.
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Figure 7: Braess-style routing example. The left panel maps the Extended-approach elasticity. The right panel
compares the Traditional and Extended approaches on common axes.

Table 4: Physical links in the Braess-style example

Link Traditional Extended Traditional rank Extended rank

AB 0.160000 0.103643 1 1
BD 0.160000 0.103643 2 2
AC 0.100000 0.067615 3 3
CD 0.100000 0.067615 4 4
BC 0.040000 0.025182 5 5

The route comparison is nonzero because the connector and the two outer paths give tra�c more than
one way to reach the destination. All �ve Extended-approach points lie below the equality line in this
calibration. That ordering is a result of the chosen externalities, congestion, and equilibrium response; it
is not imposed by the routing operator.
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E.2.4 Cow network and full mesh

The 30-node cow is an original synthetic geography. Nodes and links form a three-dimensional body, head,
legs, and two alternative neck routes. Positive activity is concentrated in the body and head. Model-ready
balanced �ows then give the neck a clear economic role: a link can matter because it carries tra�c,
because it changes access between the two high-activity regions, or because it changes how tra�c uses the
alternative route. The elevation coordinate a�ects only the visualization.

Figure 8: Cow-shaped economic geography. Both panels use the common example design; the three-dimensional
rendering supplied by the package uses the same welfare scale.

Table 5: Highest-ranked physical links in the cow-shaped network

Link Traditional Extended Traditional rank Extended rank

C1-C2 0.120000 0.049769 1 1
H3-H4 0.050000 0.034154 21 2
H2-H3 0.050000 0.034081 20 3
B2-C1 0.090000 0.034050 2 4
B4-C2 0.090000 0.033947 3 5
H1-N1 0.090000 0.031296 5 6
B8-C1 0.080000 0.029924 8 7
B3-B4 0.080000 0.029821 6 8

Only 3 of the Traditional top 5 links remain in the Extended top 5, and the largest rank movement is
19 positions. The closure results contain nonzero congestion and route terms, which are two channels
through which the Extended ranking can depart from the tra�c ranking. The calculation does not assign
each individual rank change to a single channel.

The optional high-resolution version begins with John Burkardt's 2,903-vertex PLY cow (Burkardt,
2026). The builder assigns positive labor and income to all 2,903 mesh vertices, turns each mesh edge into
a reciprocal road link, and uses symmetric matrix scaling to construct balanced value �ows. The resulting
network has 8,706 physical links and 17,412 directed arcs. Its sparse edge-local calculation evaluates
the same primitive-cost derivative, but it does not build the dense �xed-route and �xed-mode incidence
objects required for FRand FM. The PLY �le is downloaded and hash-checked on demand under its stated
GNU LGPL license; it is not stored in the repository.

63



Transport Network Welfare Practitioner Guide

E.3 Urban commuting examples

The urban examples retain the common transport equations but replace labor and income shares with
residence and workplace margins. The one-mode oracle �rst checks the urban welfare derivative in isolation;
the multimodal network then adds the shared route and mode machinery.

E.3.1 Three-location regression oracle

The one-mode urban toy follows the residence�workplace structure of Allen and Arkolakis (2022). Its
node �le records distinct residence and workplace masses, and its edge �le records directed commuter
tra�c. The data are constructed to satisfy the urban �ow identity exactly. With spatial externalities and
congestion set to zero, the urban derivative collapses to commuter tra�c. The test suite also solves the
nonlinear exact-hat system around this baseline and compares its central �nite di�erence with the analytical
derivative. The example therefore checks the urban Jacobian and welfare projection independently of
modal or terminal terms.

E.3.2 Multimodal urban network

The four-location urban example retains the same residence�workplace equilibrium but adds the transport
block used by the economic-geography model. Road and transit operate on all ten directed edges, two
routes connect the main origin and destination, road tra�c creates edge congestion, and transit loads
endpoint terminals. Residence shares, workplace shares, OD �ows, and edge-mode �ows are generated
from one contractive route kernel, so no balancing occurs during estimation.

Figure 9: Multimodal urban example. Dashed blue segments identify links with transit service, and blue rings
identify terminal locations.

Table 6: Physical links in the multimodal urban example

Link Traditional Extended Traditional rank Extended rank

BD 0.052417 0.035007 1 1
AB 0.047878 0.032458 2 2
AC 0.035802 0.023888 3 3
CD 0.024323 0.015681 4 4
BC 0.006896 0.004512 5 5

The example changes the spatial residuals and welfare row but reuses the economic-geography route,
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mode, congestion, and pass-through operators. Its no-congestion derivative equals the urban tra�c
statistic to within 1 � 10� 10. This is the package's direct numerical check that multimodality belongs to
the shared transport block rather than to a separate urban transport model.

E.4 Sioux Falls benchmark adaptation

Sioux Falls is a 24-node test network introduced in early tra�c-assignment work and widely used as a
small computational benchmark (LeBlanc et al., 1975). The package pins the network, assigned �ow,
node-coordinate, and trip �les in the Transportation Networks for Research repository (Transportation
Networks for Research, 2026). Their stated terms limit the �les to academic research, so the builder
downloads them on demand and veri�es the pinned commit and all four hashes.

The benchmark �les are not immediately model-ready. OD productions and attractions di�er slightly,
and the assigned directional �ows reproduce those di�erences. The builder averages production with
attraction and each pair of reciprocal assigned �ows. The balanced OD margin becomes both labor and
income, while balanced link �ow is divided by total OD trips. It records the original imbalance and
veri�es exact conservation after this transformation. The extended con�guration evaluates each BPR cost
function at the assigned baseline and uses its local log derivative,

� e =
peBe(ve=ce)pe

1 + Be(ve=ce)pe
;

as the link-speci�c congestion elasticity. This is an adaptation of the assigned baseline to recursive routing,
not a new solution of the original Wardrop problem.

Figure 10: Sioux Falls benchmark adaptation. The calculation uses 24 nodes, 76 directed arcs, and 38 reciprocal
physical links.
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Table 7: Highest-ranked physical links in the Sioux Falls adaptation

Link Traditional Extended Traditional rank Extended rank

12-13 0.068403 0.042072 13 1
1-3 0.044963 0.037363 30 2
3-12 0.055452 0.031508 19 3
1-2 0.024996 0.023084 38 4
7-18 0.087767 0.019054 8 5
3-4 0.077751 0.016411 11 6
18-20 0.105295 0.016382 4 7
16-18 0.084891 0.015318 10 8

The Traditional and Extended rankings di�er substantially: their Pearson correlation is 0:049, and
their rank correlation is 0:299. The mean elasticity falls from 0:064046to 0:007150. Link-speci�c BPR
derivatives enter the Extended measure but not the Traditional measure, so their variation is one reason
the rankings diverge. The calculation is not a validated welfare estimate for Sioux Falls. It shows how the
package transforms an assigned-�ow tra�c benchmark before applying the welfare formula.

E.5 Seattle road diagnostic and multimodal candidate

Seattle provides the larger urban application, but its published road inputs and the candidate multimodal
construction have di�erent evidentiary status. The distinction matters before interpreting either set of
welfare results.

E.5.1 The published road inputs remain a diagnostic

The �rst Seattle adapter preserves the 217-location inputs used by Allen and Arkolakis (2022): 2017
LODES residence�workplace �ows and 2016 road tra�c and travel-time inputs. It veri�es the archive
hashes, 217 nodes, 1,384 directed road arcs, and 692 reciprocal links. It then fails validation. LODES
counts commuters, whereas HPMS annual average daily tra�c counts road vehicles from a di�erent
population. The two sources imply a maximum normalized recursive-stock disagreement of about0:108.
The package does not silently balance that di�erence, and the guide therefore reports no welfare map,
scatter, or ranking from this rejected baseline.

E.5.2 Construction of the multimodal baseline

The multimodal candidate instead constructs all transport �ows from one commuter population. The
complete 2017 LODES matrix supplies OD commuter masses and its margins supply residence and
workplace activity (U.S. Census Bureau, 2026b). ACS table B08301 supplies each residential origin's
public-transit share (U.S. Census Bureau, 2017). A hash-pinned June 2017 King County GTFS feed
supplies service, paths, and bus, rail/streetcar, and ferry labels (King County Metro, 2017a). Published
Seattle road travel times supply road paths. The builder routes each OD-mode �ow over these networks,
then checks that the resulting edge-mode tra�c reproduces the OD margins.

This construction does not turn schedules into observed ridership. GTFS identi�es feasible services and
scheduled travel, while ACS identi�es mode shares at residential origins. The 2017 Metro System Evaluation
provides a separate route-activity comparison and does not determine the OD-to-route allocation (King
County Metro, 2017b). The modal elasticity � = 1 :099 is transferred from the economic-geography
application and is reported with sensitivity rather than described as a Seattle estimate.

The candidate evaluates 1384 directed road, 627 bus, 12 rail/streetcar, and 1 ferry interventions
on the same 217-location equilibrium. Mean Extended-approach gains are0:000996percent for bus,
0:002059percent for rail/streetcar, and 0:001377percent for ferry. The bus and rail rank correlations
with the Traditional approach are 0:954 and 0:972, respectively. The maximum error in the strati�ed
nonlinear �nite-di�erence checks is 9:44� 10� 11. The accounting identities, deterministic rebuild, and
�nite-di�erence check verify the calculation for the stated inputs and calibration. They do not supply
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Figure 11: Observed 2017 Seattle networks and the constructed multimodal model network. Road, bus,
rail/streetcar, and ferry use distinct colors. Node area records residence plus workplace commuter mass.

Table 8: Selected high-ranked Seattle corridors by mode

Corridor Mode Traditional Extended Traditional rank Extended rank

114_121 road 0.139194 0.064713 2 1
100_95 road 0.139007 0.052276 3 2
107_114 road 0.124682 0.050706 4 3
100_95 bus 0.061214 0.024548 1 1
100_106 bus 0.037927 0.021926 2 2
71_95 bus 0.017758 0.020081 10 3
102_123 rail 0.020337 0.012086 1 1
49_67 rail 0.010131 0.007669 2 2
28_49 rail 0.004571 0.002744 3 3
89_95 ferry 0.000888 0.001377 1 1
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Figure 12: Seattle road and transit policy support. Color identi�es the mode, and line width records the
Extended-approach welfare gain from a one-percent improvement. Dashed segments have a negative
Extended-approach e�ect.
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