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1 Introduction

More than a trillion dollars is spent every year on improving transportation infrastructure
(Lefevre, Leipziger and Raifman, 2014). Is this money well spent? Traditionally, welfare
gains from infrastructure improvements have been estimated using the social-savings ap-
proach of Fogel (1964, 1962), which approximates the welfare gains from the value of cost (or
time) savings taking as given observed prices and distribution of economic activity. Yet recent
advances in quantitative spatial modeling (see e.g. Allen and Arkolakis (2014); Ahlfeldt et al.
(2015); Redding (2016)) have emphasized that changes in transportation costs have general
equilibrium effects on prices and the spatial distribution of economic activity. Moreover,
the presence of traffic congestion and/or agglomeration externalities can result in market
failures, undermining the Hulten-type intuition upon which the social savings approach is
based. Is there a way to extend the social savings approach to account for such general
equilibrium effects and externalities when evaluating the welfare impact of infrastructure
improvements?

This paper extends the social savings approach to evaluate the welfare impact of trans-
portation infrastructure investments to account explicitly for (a) the general equilibrium
changes in the distribution of economic activity; (b) optimal routing across multiple modes
of transportation; (c) traffic congestion; and (d) agglomeration and dispersion externalities.
Like the traditional approach, our extension continues to rely on sufficient statistics that al-
low for a comprehensive assessment of the welfare impacts of transportation improvements,
while remaining transparent and tractable enough for policy use. Indeed, in the absence
of traffic congestion and externalities, we derive an expression equivalent to the traditional
social savings approach. However, we show that the presence of such forces can lead to
substantial differences with the traditional approach.

We begin by presenting a standard quantitative spatial framework as in Allen and Arko-
lakis (2014), where perfectly mobile agents trade between many locations with nearly ar-
bitrary geographic differences. As in Allen and Arkolakis (2022), the trade costs between
different locations arise from movement through the transportation network, which may be
subject to traffic congestion. As in Fuchs and Wong (2024), this transportation network can
include many different modes of transport with nearly arbitrary costs along any network
segment. As in Allen and Arkolakis (2022) and Fuchs and Wong (2024), we then charac-
terize the equilibrium recursively where each locations endogenous economic activity can be
written only as a function of the economic activity of its neighbors.

This recursive formulation enables us to perturb the equilibrium conditions how an im-
provement to any segment of any mode of the transportation network affects the equilibrium
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welfare of the entire economy. This expression—the “extended" social savings approach—can
be written solely as a function of observed economic activity and structural elasticities gov-
erning the strength of traffic congestion and externalities. In the special case when these are
not present, the expression simplifies to the traditional social savings approach where welfare
gains are proportional to the share of economic activity using the network segment. In the
presence of traffic congestion and externalities, however, the expression also incorporates
how general equilibrium effects propagate throughout the network.

Finally, we illustrate the value of this new approach by examining the welfare impacts
of improving each segment of the U.S. interstate highway system. To do so, we use data on
the entire U.S. freight network and compare the welfare impacts of the traditional approach
to our extended approach incorporating traffic congestion and externalities. While links
with highest traffic shares have a one-to-one correlation with the links with highest welfare
gains under the traditional approach, this correlation is lower under the extended approach,
highlighting the importance of moving beyond traditional approaches when making decisions
on how to best allocate resources toward infrastructure improvements.

Related Literature As mentioned above, the primary purpose of this paper is to extend
the traditional social savings approach to incorporate four new margins: (a) general equi-
librium responses in the spatial distribution of economic activity; (b) optimal routing; (c)
traffic congestion; and (d) agglomeration and dispersion externalities. Here, we offer a brief
summary of recent advances in each of these four directions, although we refer interested
readers to the excellent handbook chapters on transport infrastructure and policy evaluation
by Donaldson (2025), quantitative regional economics by Allen and Arkolakis (2025) and on
quantitative urban economics by Redding (2025) for a more comprehensive discussion of the
related literature.

The traditional social savings approach of Fogel (1964, 1962) estimates the welfare gains
as equal to the value of costs saved arising from an improvement in the transportation
network holding constant the patterns of trade at the observed equilibrium. Yet over the past
decade, a number of papers have developed tractable frameworks emphasizing how changes
to the transportation network results in changes in the equilibrium distribution of economic
activity across space. Some work has emphasized the role that transportation networks play
in the trade of goods between locations (see e.g. Allen and Arkolakis (2014); Redding (2016);
Donaldson and Hornbeck (2016)), whereas others have emphasized the role transportation
networks play in commuting (see e.g. Ahlfeldt et al. (2015); Monte, Redding and Rossi-
Hansberg (2018)), migration (see e.g. Morten and Oliveira (2024)), or combinations thereof
(see e.g. Monte, Redding and Rossi-Hansberg (2018)). Together, the quantitative spatial
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models developed in this literature has shown how it is possible to tractably characterize the
general equilibrium responses to changes in infrastructure networks by combining detailed
spatial data with economic theory.

A rich and growing literature has also incorporated the optimal route choice across the
multimodal transportation network to highlight that the welfare benefits of infrastructure
improvements are highly heterogeneous across links and depend on the topology and induced
traffic patterns of the transportation network (Ganapati, Wong and Ziv, 2024; Wong, 2022;
Brancaccio, Kalouptsidi and Papageorgiou, 2020; Heiland et al., 2019). Studies that incor-
porate endogenous route and mode choice—–such as Fan, Lu and Luo (2023) for Chinese
exporters—–show that ignoring rerouting and the substitution between highways and regular
roads can misstate welfare gains by 30 percent or more. Bonadio (2021) examines how road
and port quality improvements affect distributional outcomes locally and abroad, where port
upgrades benefit export-oriented regions while road improvements benefit domestic regions.

Our paper also contributes to the literature on congestion, initially focused on roads and
more recently on ports. The “fundamental law” of road congestion finds that vehicle miles
traveled rise roughly one-for-one with highway capacity, attenuating direct travel-time sav-
ings (Duranton and Turner, 2011). Models that embed volume-dependent travel costs adjust
welfare formulas accordingly, capturing both the congestion penalty on improved links and
network spillovers when traffic re-allocates. More recent work has focused on the impor-
tance of ports and the benefits from technology adoption and investments in the presence of
congestion. Brancaccio, Kalouptsidi and Papageorgiou (2024) evaluate the returns to infras-
tructure investment at ports under disruptions and congestion, while Ducruet et al. (2024)
show how the adoption of container technology can crowd out economic activity by raising
land rents.

Finally, transport improvements can amplify agglomeration externalities by increasing
effective economic density. Theoretical work by Venables (2007) and empirical estimates
by Graham (2007) suggest that productivity rises 2–5 percent when employment density
doubles, implying that conventional user-benefit appraisals may omit substantial “wider
economic benefits.” Modern quantitative spatial equilibrium frameworks incorporate these
spillovers by letting productivity depend on local scale, providing a unified apparatus for
evaluating direct cost savings, congestion feedback, and agglomeration gains within the same
model. Ganapati, Wong and Ziv (2024) further shows that scale economies in transportation
can generate agglomerations by affecting trade costs, concentrate the gains from transport
improvements at and around entrepôts—hubs within the hub-and-spoke transport network.1

1Do et al. (2024) examines the returns from being a hub country and shows that transshipment activity
increases the hub country’s trade flows.
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Coşar, Osotimehin and Popov (2024) shows that transportation productivity growth has
sizeable welfare impacts on the US economy.

Relative to the existing literature, this paper makes two contributions. First, we show
that incorporating general equilibrium responses and optimal routing do not on their own
necessarily change the traditional social savings approach: indeed, in the absence of traffic
congestion and/or externalities, the traditional social savings approach exactly captures the
(first-order) welfare effects of transportation improvements. Second, however, we show that
in the presence of traffic congestion and/or externalities, the general equilibrium and routing
responses do have first order effects on the changes in welfare, and that quantitatively, these
effects can result in substantial deviations from the traditional approach.

The paper is organized as follows. Section 2 develops the model and introduces the
extended social savings approach. Section 3 describes the data and calibration, and compares
the traditional and extended approaches for quantitatively evaluating the transportation
infrastructure improvement U.S. highway network. Section 4 concludes.

2 Evaluating Transportation Improvements: Theory

In this section, we present a quantitative spatial model where perfectly mobile agents engage
in trade across many locations with rich geography. Onto this geography, we overlay a
multimodal transportation network where bilateral trade costs arise endogenously through
the optimal routing behavior of agents with traffic congestion. We then characterize the
equilibrium recursively and derive an expression for the elasticity of aggregate welfare with
respect to an improvement in any segment of the transportation network. In the absence of
externalities and traffic congestion, this elasticity is equal to the traditional social savings
approach; in the presence of such forces, the social savings approach must be extended to
incorporate how the transportation improvements propagate throughout the transportation
network.

2.1 Model Setup

Locations The world comprises N locations indexed by i = 1, . . . , N inhabited by an
exogenous measure L̄ of perfectly mobile workers. Each location differs in its endowed first-
nature productivity Āi > 0, amenity ūi > 0, and the variety of good it produces.

Production The differentiated local variety is produced using only labor with a constant
returns to scale production function under perfect competition. Denote the local wage by
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wi. Each worker supplies one unit of labor inelastically.

Consumption Preferences are CES over a continuum of varieties, one produced in each
location, with elasticity of substitution σ > 1. Indirect utility takes the familiar form
Uj = wjP

−1
j ūj, where Pj is the Dixit-Stiglitz price index. Labor is perfectly mobile across

space, implying Uj = U for all j.

Trade Costs Shipping a unit of the variety from i to j requires τij ≥ 1 physical units of
the good, where τij is the iceberg trade cost from i to j and is endogenously determined
below.

Agglomeration and dispersion externalities The total second-nature productivity and
amenity in each location i, Ai and ui respectively, depends on its first-nature productivity
and amenity as well as its population Li:

Ai = ĀiL
α
i ui = ūiL

β
i , (1)

where α, β ∈ R govern the strength of the agglomeration and dispersion externalities. Note
that when α = β = 0 there are no agglomeration and dispersion externalities.

2.2 The transportation network

Goods are shipped between locations on a multi-modal transportation network. Suppose the
N locations are nodes on M different graphs, where each graph m ∈ {1, ...,M} is summarized
by an N×N adjacency matrix K̄m = [κ̄kl,m], where κ̄kl,m is the endowed first-nature (iceberg)
cost of traversing the edge of the transportation network from node k to node l via mode m.

Traffic congestion The total (second-nature) cost of traversing an edge from node k to
node l via mode m depends both on the first-nature cost and the value of traffic along the
edge via that mode, Ξik,m:

κik,m = κ̄ik,m Ξλm
ik,m, (2)

where λm governs the strength of traffic congestion on mode m. Note that when λm = 0

there is no traffic congestion on that particular mode. When we take the model to the data,
we distinguish between road congestion and congestion at intermodal terminals which allows
the switch from road to other modes.
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Aggregation across modes The total (second-nature) cost of traversing an edge from
node k to node l across all possible modes is assumed to be summarized by a CES nest across
modes:

κik ≡
( M∑

m=0

κ η
ik,m

)1/η
, sik,m ≡

κ η
ik,m∑
n κ

η
ik,n

, (3)

where sik,m are mode shares and η > 0 is the cross-mode substitution parameter.

Optimal routing The optimal trade cost from location i to location j, τ̃ij, is calculated by
choosing the route through the transportation network which minimizes the costs incurred
along the route. Formally, denote a path pij from i to j as a sequence of locations in vector
form whose first element is i and whose last element is j. Let P ij denote the set of all such
paths. Then we can write τ̃ij as the solution to the following minimization problem:

τ̃ij = min
pij∈Pij

|pij|−1∏
k=1

κpij
k ,pij

k+1
, (4)

where |pij| is size of the path, i.e. one plus the number of edges traversed along the path.
We can approximate the optimal trade cost τ̃ij with a "nearly" optimal trade cost τij by

replacing the minimand in equation (4) with the LogSumExp function as follows:

τ−θ
ij =

∑
pij∈Pij

|pij|−1∏
k=1

(
κpij

k ,pij
k+1

)−θ

, (5)

where τij converges smoothly to τ̃ij as θ → ∞. In what follows, we set θ = σ − 1 and refer
the interested readers to Allen and Arkolakis (2022) for an economic micro-foundation for
this parameter choice and the transition from a “hard” minimization to a “soft” minimization
based on heterogeneity in the productivity of shipping technologies.

Recursive formulation of the routing problem Following Fuchs and Wong (2024),
we can re-write equation (5) recursively using the principal of Bellman optimality (Bell-
man, 1966). Let N (i) denote the set of locations neighboring location i, i.e. N (i) ≡
{j ∈ {1, ..., N} |κij < ∞}. Then the bilateral iceberg transportation costs can be written
as the product of the edge costs of traveling to one’s neighbors and their bilateral iceberg
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transportation costs of getting to the final destination, i.e.:

τ 1−σ
ij ≈ 1 {i = j}+

∑
k∈N (i)

κ1−σ
ik τ 1−σ

kj . (6)

Equation (6) helpfully reformulates the equilibrium transportation costs solely as a function
of each location’s neighbors equilibrium transportation costs.

Traffic Following Allen and Arkolakis (2022), the equilibrium value of traffic flows along
the edge from k to l can be calculated by summing across all origins and destinations the
product of the value of bilateral trade flows and the intensity with which the edge is used
along the optimally chosen route from the origin to the destination, i.e.:

Ξkl =
∑

i∈{1,...,N}

∑
j∈{1,...N}

Xij

(
τikκklτlj

τij

)1−σ

, (7)

where Xij is the value of trade flows from i to j. The expression for the intensity has the
simple interpretation that the higher the cost of using the edge from k to l relative to the
optimal route from i to j, the less intensively it is used.

2.3 Equilibrium

We now characterize the equilibrium of the economy.

A standard formulation of the equilibrium Given CES preferences and imposing
welfare equalization, the value of bilateral trade flows between any two locations can be
written as:

Xij = W 1−σ

(
Aiuj

τij

)σ−1

w1−σ
i wσ

j Lj. (8)

The equilibrium wages and population must satisfy two market clearing conditions. First,
the payments to labor in each location must equal that location’s total sales, i.e.:

wiLi =
∑

j∈{1,...,N}

W 1−σ

(
Aiuj

τij

)σ−1

w1−σ
i wσ

j Lj. (9)

Second, the payments to labor in each location must equal that location’s total purchases,
i.e.:

wiLi =
∑

j∈{1,...,N}

W 1−σ

(
Ajui

τji

)σ−1

w1−σ
j wσ

i Li. (10)
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Combining equations (9) and (10) with the externalities equation (1) allows us to express the
equilibrium distribution of populations and wages across locations as functions of the bilateral
transportation costs. However, because those transportation costs arise endogenously from
an optimal routing problem, it is more convenient to instead pursue a recursive formulation
of the equilibrium, which we turn to next.

Recursive formulation of the equilibrium Following Allen and Arkolakis (2022) and
Fuchs and Wong (2024), we substitute equation (6) into equation (9) to yield:

A1−σ
i wσ

i Li =W 1−σuσ−1
i wσ

i Li +
∑

k∈{1,..,N}

κ1−σ
ik A1−σ

k wσ
kLk

=W 1−σuσ−1
i wσ

i Li +
∑

k∈N (i)

κ1−σ
ik A1−σ

k wσ
kLk. (11)

Similarly, substituting equation (6) into equation (10) yields:

w1−σ
i u1−σ

i =W 1−σAσ−1
i w1−σ

i +
∑

k∈{1,..,N}

κ1−σ
ki w1−σ

k u1−σ
k

=W 1−σAσ−1
i w1−σ

i +
∑

k∈N (i)

κ1−σ
ki w1−σ

k u1−σ
k . (12)

There are two advantages of writing the equilibrium in this form. First, this formulation
highlights that the equilibrium population and income in a location depend only on the
population and income of its neighbors, i.e. the equilibrium can be written recursively, as
emphasized by the second line of both equations. As we will show below, the recursive
formulation directly characterize the general equilibrium impacts of transportation infras-
tructure improvements. This is because it allows us to express the equilibrium in terms of
the transportation network rather than the equilibrium bilateral trade costs. The second
advantage arises from the close relationship between equilibrium conditions (11) and (12)
and equilibrium traffic flows. To see this, we first combine equation (7) with the gravity
equation (8) to yield the following equation for equilibrium traffic flows:

Ξkl = κ1−σ
kl × P 1−σ

k × Π1−σ
l , (13)

where P 1−σ
k is the inward market access of location k and Π1−σ

l ≡
∑

j∈{1,...N} τ
1−σ
lj P σ−1

j wjLj

is the outward market access of location l. Then applying the definition of the market access
terms along with the equilibrium conditions (9) and (10) allow us to rewrite equations (11)
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and (12) as follows:

Π1−σ
i = W 1−σuσ−1

i wσ
i Li +

∑
k∈N (i)

κ1−σ
ik Π1−σ

k (14)

P 1−σ
i = Aσ−1

i w1−σ
i +

∑
k∈N (i)

κ1−σ
ki P 1−σ

k , (15)

i.e. the equilibrium system can be written as a recursive relationship between market access
terms and a measure of the local economic activity in each location.

2.4 The traditional social savings approach

Having defined the equilibrium, we turn to deriving how the aggregate welfare of the economy
responds to changes in the underlying transportation network. We begin by presenting the
“traditional" social savings approach in our notation.

In introducing the “social savings approach" as a means of evaluating the welfare impact
of the introduction of the railroads, Fogel (1962) (p.170) summarizes it as follows:

In the year 1890, a certain bundle of agricultural commodities was shipped... This

pattern of shipments was carried out... at some definite cost. With enough data, one

could determine both this cost and the alternative cost of shipping exactly the same

bundle of goods... in exactly the same pattern without the railroad. The difference

between these two amounts I call the social saving.

That is, the traditional social savings approach calculates the cost savings arising from an
improvement in the transportation network holding constant the pattern of trade.

In our context, we are interested in how an infinitesimal improvement to a particular edge
for a particular mode of the transportation network affects the aggregate welfare. Given the
homothetic demand, iceberg trade costs, and normalizing the world income to one, the
traditional social savings approach implies that the welfare elasticity from an improvement
of a segment of the transportation network is simply equal to the observed value of traffic
flowing across that segment, i.e.:

∆W trad
kl,m = Ξkl,m (16)

The traditional social savings approach fails to account for a number of adjustments that
might occur in response to an infrastructure improvement, including changes route choice,
changes in trade flows, and changes in the distribution of economic activity. How good an
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approximation is equation (16)? The following proposition shows that in a special case, the
traditional social savings approach is exactly correct:

Proposition 1. Suppose that there are no agglomeration/dispersion externalities and no
traffic congestion, i.e. α = β = λm = 0 for all m ∈ {1, ...,M}. Then for any edge–mode
(k, l,m), the elasticity of aggregate welfare to any transportation infrastructure improvement
is exactly equal to the traditional social savings approach, i.e.:

− ∂ lnW

∂ ln κ̄kl,m

= Ξkl,m.

Proof. See Appendix A.1.

Proposition 1—which extends results from the working paper version of Allen and Arko-
lakis (2022) to incorporate multiple modes of transport—is, at first glance, quite surprising.
It says that the traditional social savings approach, despite not accounting for the myriad
general equilibrium responses, exactly captures the first order welfare benefits of a trans-
portation infrastructure improvement. Put another way, the endogenous re-routing, changes
in prices, changes in trade flows, and changes in the distribution of economic activity do not
have (first-order) impacts on the welfare response to the infrastructure improvement. Why
not? The answer is straightforward: in the absence of agglomeration/dispersion externalities
and traffic congestion, the aggregate spatial economy is efficient, and so an envelope theo-
rem result underlying the Hulten-like intuition (see e.g. Hulten (1978) and Baqaee and Farhi
(2019)) applies: in terms of welfare, the general equilibrium responses to the infrastructure
improvement are indeed second order.

When there are agglomeration/dispersion externalities and/or traffic congestion, however,
the competitive equilibrium is generally not efficient and we have to account for these general
equilibrium responses. We turn to this next.

2.5 The extended social savings approach

We now turn towards studying how a marginal improvement to a single edge–mode of the
transport network affects aggregate welfare in a spatial GE with agglomeration/dispersion
externalities and/or traffic congestion. Relative to a frictionless (efficient) benchmark, exter-
nalities in production and amenities (α, β) and congestion in transport (λm) generally make
equilibrium responses inefficient. Yet the equilibrium admits a recursive market-access rep-
resentation, which allows us to trace the evolution of externalities and congestion tractably :
local changes feed into neighbors’ market access, which in turn adjust flows and congestion,
recursively propagating throughout the network.
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Proposition 2. Consider any strength of agglomeration/dispersion externalities α and β

and any strength of traffic congestion {λm}. Then for any edge–mode (k, l,m), the welfare
elasticity is:

d lnW

d lnκkl

= ρΞkl,m

(
Min

k +Mout
l

)
,

where ρ ≡ 1+α+β
1+β(σ−1)+ασ

and Min
k and Mout

l are local multipliers defined in Appendix A.2 that
depend only on model elasticities and observable data.

Proof. See Appendix A.2.

Proposition 2 extends Proposition 1 to the general case to incorporate agglomeration and
dispersion externalities and/or traffic congestion within the various modes of transportation.
The following Corollary shows that in the special case where there are no agglomeration and
dispersion externalities or traffic congestion, Proposition 2 simplifies to Proposition 1:

Corollary 1. Suppose that there are no agglomeration/dispersion externalities and no traffic
congestion, i.e. α = β = λm = 0 for all m ∈ {1, ...,M}. Then ρ = Min

k +Mout
l = 1 for all

k, l ∈ {1, ..., N}, i.e. Proposition 2 simplifies to Proposition 1.

Proof. See Appendix A.3.

Accordingly, in what follows, we refer to Proposition 2 as the "extended" social savings
approach. Like Proposition 1, Proposition 2 remains tractable, as it only depends on observ-
able data (the value of traffic flows, populations, and the value of output and expenditure
in each location) and model elasticities. Unlike Proposition 1, however, Proposition 2 shows
that in the presence of agglomeration/dispersion externalities and/or traffic congestion, the
general equilibrium impacts of the transportation infrastructure improvement on the entirety
of the trading network have first order welfare effects. These general equilibrium impacts
are summarized by the local multipliers Min

k and Mout
l , which represent how a local change

propagates through the entire network. Because the equilibrium is recursive, better access
at k improves its neighbors’ access, which in turn improves their neighbors, and so forth;
the same logic applies symmetrically for l. In this way, the multipliers summarize the full
cascade of feedback effects.

Both agglomeration/dispersion externalities and traffic congestion affect how this prop-
agation unfolds. If externalities are net congestive (i.e. α + β < 0), then the competitive
equilibrium has more concentration of population then the planner would prefer (see Fajgel-
baum and Gaubert (2020)). As a result, transportation infrastructure improvements that
tend to spread out the equilibrium distribution of economic activity (e.g. those in more rural
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areas) result in an additional welfare gain beyond that which the traditional social savings
approach would capture.

Similarly, traffic congestion affects how transportation improvements propagate through
the network and ultimately affect global welfare. When traffic increases, costs κij,m also rise
if λm > 0, which attenuate the transmission of improvements. Strong congestion can thus
substantially offset the local gains.

How much do these additional effects change the distribution of welfare impacts of various
real world infrastructure improvements? To answer this, we now turn to evaluating the
potential gains of improving each segment of the U.S. interstate highway system.

3 Quantitative Evaluation of Transportation Improvements:

The U.S. Interstate Highway System

3.1 Data and Calibration

We rely on the dataset constructed by Fuchs and Wong (2024) who map out the entirety of the
U.S. freight network–rail, road, inland waterway, port, and intermodal–terminal data—into a
single, geo-referenced network with consistent traffic measures. The backbone of the network
comes from TIGER shapefiles from the Census Bureau, which provide line features for Class
I rail corridors and the Interstate Highway System, as well as polygon features for navigable
rivers and coastal shipping lanes.

Transport mode traffic and route Traffic densities are harmonized across transport
modes. For rail, we use the confidential Carload Waybill sample maintained by the Surface
Transportation Board, specifically focusing on intermodal containers moved by the seven
Class I carriers. Rail traffic routes—including rail station origins, interchange points, and
destinations—are mapped to the TIGER rail graph, and freight tonnage is routed along the
shortest feasible paths connecting these stations in sequence. Highway traffic is represented
by Average Annual Daily Traffic from the 2012 Highway Performance Monitoring System
(HPMS). Highway traffic counts are adjusted based on segment length when a single road
segment corresponds to multiple links in the network graph, so that each link reflects the
proportion of traffic it carries along the full segment. Inland-waterway tonnage is from the
Waterborne Commerce Statistics of the U.S. Army Corps of Engineers (USACE) and routed
along the digitized river network.

13



Intermodal terminals Intermodal transfer points are added from the National Trans-
portation Atlas Database (NTAD) and from the Port Performance Freight Statistics Pro-
gram. These facilities include 30 deep-sea container ports, 54 inland rail–truck ramps, and
the rail–barge trans-shipment nodes along the Mississippi and Illinois Rivers. Together they
cover 98 percent of U.S. containerized trade by volume. After traffic is assigned, the result-
ing multimodal graph captures more than 90 percent of ton-miles recorded in the Freight
Analysis Framework. Trucks dominate short hauls—over 90 percent of freight within 100
miles—while rail and multimodal routes account for more than 70 percent of shipments that
travel beyond 1000 miles (Fuchs and Wong, 2024), motivating the transportation network
framework developed in Section 2.

Calibration. Following Fuchs and Wong (2024), we overlay the HPMS traffic counts, con-
fidential rail waybills, USACE waterborne tonnage, port throughput, and NTAD intermodal
locations onto TIGER shapefiles, then collapse the layers to a sparse graph with 288 nodes
(CBSAs, ports, and terminals) and 704 links (highway, rail, or barge arcs). Fundamental pro-
ductivities and amenities are recovered so that the baseline equilibrium exactly matches 2018
county GDP and population, while mode-specific flows replicate the 2012 Commodity Flow
Survey. Structural parameters follow the same two-step procedure as the multimodal paper:
spatial fundamentals are pinned down by external estimates (σ = 9, α = 0.10, β = −0.30);
road-congestion elasticity is taken from Allen and Arkolakis (2022) (λroad = 0.092); and the
port-congestion elasticity is taken from Fuchs and Wong (2024) from an IV estimate of ship
dwell-time on AIS data (λport = 0.096).2 Since this paper focuses on the impact of high-
way infrastructure improvements, Figure 1 presents the sparse-graph representation of the
Interstate Highway System used in our calibration.

3.2 Traditional social savings approach

We begin by calculating the elasticity of aggregate welfare to an improvement on each seg-
ment of the U.S. interstate highway system using the traditional social savings approach.
From Proposition 1, this is simply equal to the fraction of aggregate economic activity flowing
over that segment.

Figure 2a presents the welfare gain results from a one percent decrease in the cost of
accessing each highway segment, where the line width is proportional to the welfare elasticity.
Segments with the largest welfare elasticities are those where the traffic is greatest, including

2Fuchs and Wong (2024) additionally estimates cross-mode substitution elasticity which is identified with
a highway-instrument IV that relates lane-mile expansions to the rail-versus-truck split.
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Figure 1. Traffic on the U.S. Interstate Highway System

Notes: The map displays the sparse-graph representation of the Interstate Highway System used in
our calibration. Each polyline corresponds to an interstate link defined from the TIGER shapefiles;
line width is proportional to log vehicle-miles travelled (VMT) in 2012. VMT on link e is computed
as AADTe × lengthe × 365, where AADTe is the Average Annual Daily Traffic count reported in the
2012 Highway Performance Monitoring System (HPMS). Where multiple HPMS segments overlap a
single graph edge we assign a length-weighted mean AADT. The resulting network covers 96% of
interstate VMT recorded in HPMS and serves as the road layer in our multimodal freight model.
Major freight corridors—e.g. I-5 on the West Coast, I-80/I-90 across the Great Lakes, and I-95 along
the Eastern Seaboard—emerge as the thickest arcs. Grey nodes mark the 132 Core-Based Statistical
Areas (CBSAs) that act as origins and destinations in the quantitative analysis. Sources: TIGER/Line
Shapefiles (Census Bureau); HPMS 2012 traffic counts (Federal Highway Administration); authors’
calculations.

the Eastern seaboard and broad “T-junctions” anchored on Chicago, Memphis, and Dallas—
the great inland hubs where rail or barge lines connect to the Interstate grid; indeed, apart
from the change in scales, Figure 2a is identical to Figure 1.

Figure 3a compares the welfare elasticities to the observed share of highway traffic. As
is evident, the correlation between the two in the traditional approach is perfect.
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Figure 2. Welfare gains from transportation infrastructure improvements

a Traditional social savings approach

b Extended social savings approach

Notes: This figure depicts the elasticity of aggregate welfare to an improvement of each segment of the U.S. inter-
state highway system. An improvement of each segment is modeled as a one percent reduction in the cost of accessing
that segment. Panel (a) follows the traditional social savings approach, which ignores traffic congestion and agglomera-
tion/congestion externalities. Panel (b) employs the “extended” social savings approach of Proposition 1 that incorporates
traffic congestion and agglomeration/congestion externalities. Sources: authors’ calculations from the Carload Waybill
Sample (STB), Highway Performance Monitoring System (FHWA), Waterborne Commerce Statistics (USACE), AIS
vessel tracks (Marine Cadastre), and Port Performance Freight Statistics (DOT).
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Figure 3. Link–level welfare elasticities against highway traffic shares: Traditional vs Extended
Social Savings Approaches

a Traditional social savings approach

b Extended social savings approach

Notes: This figure compares the elasticity of aggregate welfare to an improvement of each segment of the U.S. interstate
highway system (vertical axis) to the observed value of baseline traffic (horizontal axis). An improvement of each segment
is modeled as a one percent reduction in the cost of accessing that segment. Panel (a) follows the traditional social savings
approach, which ignores traffic congestion and agglomeration/congestion externalities. Panel (b) employs the “extended”
social savings approach of Proposition 1 that incorporates traffic congestion and agglomeration/congestion externalities.
Units are in 1/1000’s. Sources: Traffic data comes from the HPMS 2012 vehicle-miles (FHWA). Rail, waterway, and port
statistics come from the Carload Waybill Sample (STB), Waterborne Commerce Statistics (USACE), AIS vessel tracks
(Marine Cadastre), and Port Performance Freight Statistics (DOT).

Quantitatively, a one-percent cost cut on the median interstate segment raises real in-
come by 0.023 percent, while the average gain across all 704 arcs is 0.028 percent because
the distribution of elasticities is right-skewed. The top decile of links, dominated by the
approaches to Los Angeles, Chicago, and New York, deliver gains ten times the median.
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3.3 Extended social savings approach

We now contrast the traditional social savings approach with the “extended” social sav-
ings approach of Proposition 2 that incorporates agglomeration/dispersion externalities and
traffic congestion.3

Relative to the traditional social savings approach, transportation infrastructure improve-
ments result in several additional forces. Because we calibrate the agglomeration/dispersion
externalities to be net dispersive, the relative benefit of improving highway segments in more
populated areas falls. In addition, improving highway segments increase the traffic on those
segments, partially reducing the gain through additional congestion.

Figure 2b visualizes the equilibrium welfare gains incorporating all these effects. The
gains from improving highway spokes into Chicago, Dallas, Memphis, and the Eastern
seaboard continue to stand out, though their magnitude (thickness) is attenuated relative
to the traditional approach. This attenuation reflects the fact that additional traffic on the
spokes increases congestion, partially offsetting the welfare gains. At the same time, the
welfare gains of highway segments in less populated areas become relatively larger, as the
traffic congestion and dispersive externalities are less strong in these areas.

These mechanisms leave a much more dispersed pattern in the scatterplot in Figure
3b, illustrating that in the presence of traffic congestion and agglomeration / dispersion
externalities the strategic value of a segment hinges on the full general equilibrium structure
of the network, not merely on the traffic it carries before the improvement. The correlation
between the welfare elasticities and traffic shares here is 0.938, as opposed to one under the
traditional approach.

In sum, incorporating agglomeration/dispersion externalities and traffic congestion am-
plifies the importance of system interactions and leads to substantial deviations from the
traditional social savings approach. Upgrading a link can be worth less than suggested by
the pure cost savings on that link, yet worth more than suggested by road data alone once
spillovers onto rail, barge, and competing highways are counted. Recognizing these inter-
actions is essential for ranking investments when scarce dollars must be allocated across a
tightly coupled multimodal freight system.

3The current quantitative results are preliminary, as they are derived by approximating the welfare
elasticities using small perturbations to the complete equilibrium system given by equations 11 and 12. The
finalized results will be based on the expressions given in Proposition 2.
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4 Conclusion

The purpose of this paper has been to derive new expressions for the welfare impacts of
transportation infrastructure improvements. There are two primary conclusions.

First, the traditional social savings approach pioneered by Fogel (1964) is surprisingly
robust: in the absence of agglomeration/dispersion externalities and traffic congestion, it
exactly captures the first order welfare impacts even in an economy where route choice,
mode choice, prices, trade flows, and populations endogenously respond to changes in the
transportation network. However, in the presence of agglomeration/dispersion externalities
or traffic congestion, these various general equilibrium forces now have first-order impacts
on the welfare impacts of transportation improvements.

Second, despite these potentially complicated general equilibrium forces, it is still possible
to tractably characterize the welfare impacts of transportation infrastructure improvements
using an extended social savings approach. Applying this approach to the U.S. interstate
highway system suggests that the extended approach can vary substantially from the tradi-
tional approach, suggesting that in practice these general equilibrium effects are quantita-
tively important.

Looking forward, we see promise in extending the framework presented here to incorpo-
rate increasingly realistic infrastructure networks without sacrificing tractability in a way
that is both rigorous and accessible to policy-makers.
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A Proofs

A.1 Proof of Proposition 1

In this section, we prove the welfare–elasticity formula of Proposition 1.
The proof proceeds in three steps. First, we derive the elasticity of aggregate welfare

with respect to a change in bilateral trade costs. Then, we derive the elasticity of bilateral
trade costs to a change in the transportation network. Finally, we combine the results using
the chain rule. The proof closely follows derivations from an earlier working paper version
of Allen and Arkolakis (2022), extended to include multiple modes of transport.

Consider first the elasticity of aggregate welfare with respect to a change in bilateral
trade costs. Consider the following maximization problem where a “planner” chooses wages,
population, and welfare to maximizes the (equalized) log welfare across locations subject to
the constraint that aggregate labor income is equal to aggregate trade flows:

max
{{wi},{Li},W}

lnW subject to:

1

1− σ

N∑
i=1

wiLi =
1

1− σ

N∑
i=1

N∑
j=1

(
τij
Aiuj

)1−σ

w1−σ
i W 1−σwσ

j Lj (17)

The associated Lagrangian is:

L : lnW − 1

1− σ
λ

(∑
i

∑
j

(
τij
Aiuj

)1−σ

w1−σ
i W 1−σwσ

j Lj −
∑
i

wiLi

)

The first order conditions of this maximization problem can be written as:

∂L
∂ lnW

= 0 :
1

W
= λ

∑
i

∑
j

(
τij
Aiuj

)1−σ

w1−σ
i W−σwσ

j Lj ⇐⇒

λ =
1

Y W

∂L
∂ lnwi

= 0 : wiLi = (1− σ)
N∑
j=1

(
τij
Aiuj

)1−σ

w1−σ
i W 1−σ

j wσ
j Lj + σ

∑
j

(
τji
Ajui

)1−σ

w1−σ
j W 1−σwσ

i Li

(18)

∂L
∂ lnLi

= 0 :wiLi = W 1−σ
∑
j

(
τji
Ajui

)1−σ

w1−σ
j wσ

i Li (19)
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Substituting equation (19) into equation (18) yields:

wiLi = W 1−σ
∑
j

(
τij
Aiuj

)1−σ

w1−σ
i wσ

j Lj (20)

The first order conditions (19) and (20) correspond to the equilibrium conditions (9) and
(10), i.e. this “planner” problem corresponds to the competitive equilibrium. As a result,
we can apply the envelope theorem to determine the elasticity of welfare to a change in the
(endogenous) trade cost τij, which yields:

∂ lnW

∂ ln τij
=

∂L
∂τij

× τij = λ

(
τij
Aiuj

)1−σ

w1−σ
i W 1−σwσ

j Lj =
Xij

Y W
,

or, given a choice of numeraire Y W = 1, more succinctly as:

−∂ lnW

∂ ln τij
= Xij, (21)

i.e. the elasticity of welfare to a change in bilateral trade costs is simply equal to the value
of bilateral trade flows.

Now consider the elasticity of bilateral trade costs to a change in the underlying infras-
tructure network. From the chain rule, we have:

∂ ln τij
∂ ln κ̄kl,m

=
∂ ln τij
∂ lnκkl

× ∂ lnκkl

∂ ln κ̄kl,m

. (22)

Given the CES nest across modes from equation (3), we can immediately derive that the
elasticity of total link costs to a change in any mode in the infrastructure network is simply
equal to the modes share in the bilateral traffic, i.e.:

∂ lnκkl

∂ ln κ̄kl,m

= skl,m. (23)

To calculate ∂ ln τij
∂ lnκkl

, we begin by re-writing equation (4) in matrix notation and inverting,
which yields:

τ 1−σ =
(
I− κ1−σ

)−1
, (24)

where τ 1−σ is the N × N matrix with i, jth element τ 1−σ
ij and κ1−σ is similarly the N × N
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matrix with i, jth element κ1−σ
ij . Differentiating equation (24) yields:

∂ ln τij
∂ lnκkl

=

(
τikκklτlj

τij

)1−σ

. (25)

Finally, we apply the chain rule. In the absence of traffic congestion, the elasticity of aggre-
gate welfare to changes in the infrastructure network can be written as:

∂ lnW

∂ ln κ̄kl,m

=
∑

i∈{1,..,N}

∑
j∈{1,...,N}

∂ lnW

∂ ln τij

∂ ln τij
∂ lnκkl

∂ lnκkl

∂ ln κ̄kl,m

. (26)

Substituting equations (21), (23), and (25) into equation (26) yields:

∂ lnW

∂ ln κ̄kl,m

=
∑

i∈{1,..,N}

∑
j∈{1,...,N}

Xij

(
τikκklτlj

τij

)1−σ

skl,m,

which from equation (7) is simply equal to the value of traffic along the edge, i.e.:

∂ lnW

∂ ln κ̄kl,m

= Ξkl,m,

as claimed.

A.2 Proof of Proposition 2

We begin from the two accounting identities linking productivity Ai, amenity ui, wages wi,
local population Li, and bilateral frictions κij:

A1−σ
i wσ

i Li = W 1−σuσ−1
i wσ

i Li +
∑

k∈N (i)

κ1−σ
ik A1−σ

k wσ
kLk, (27)

w1−σ
i u1−σ

i = W 1−σAσ−1
i w1−σ

i +
∑

k∈N (i)

κ1−σ
ki w1−σ

k u1−σ
k . (28)

Allow for nested modal choice and congestion on each bilateral link,

κik ≡

(
M∑

m=0

κη
ik,m

)1/η

, sik,m ≡
κη
ik,m∑
n κ

η
ik,n

, κik,m = κ̄ik,mΞ
λm
ik,m.
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We substitute ui = ūiL
β
i and Ai = ĀiL

α
i to separate size from idiosyncratic components.

Ā1−σ
i L

α(1−σ)
i wσ

i Li = W 1−σūσ−1
i L

β(σ−1)
i wσ

i Li +
∑

k∈N (i)

κ1−σ
ik Ā1−σ

k L
α(1−σ)
k wσ

kLk,

ū1−σ
i L

β(1−σ)
i w1−σ

i = W 1−σĀσ−1
i L

α(σ−1)
i w1−σ

i +
∑

k∈N (i)

κ1−σ
ki ū1−σ

k L
β(1−σ)
k w1−σ

k .

To make the system linear in logs in a convenient set of endogenous variables, define

xi :=
(
W− 1

1+α+βLi

)1+β(σ−1)

wσ
i , yi :=

(
W− 1

1+α+βLi

)α(σ−1)

w1−σ
i ,

with e := 1 + β(σ − 1) + ασ and D := (α + β)(σ − 1). Inverting gives the useful back-
substitution

wi = x
α/e
i y

− 1+β(σ−1)
(σ−1)e

i , Li = W
1

1+α+β x
1/e
i y

σ
(σ−1)e

i .

Dropping Āi, ūi, the two balance conditions can be compactly expressed by introducing the
shorthand coefficients

A :=
1 + α

e
, B :=

σ(α + β)

e
, C :=

D

e
=

(α + β)(σ − 1)

e
, E := 1− σ(α + β)

e
.

Let the welfare aggregator be

Zi := x
1/e
i y

σ/((σ−1)e)
i , A :=

(∑
m Zm

L̄

)σ−1

,

and define the “sums” and shares
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k y
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j yEj

S
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.

By construction sxi +
∑

j µij = 1 and syi +
∑

j λji = 1. Using these shares, the 2N equations
in the unknowns (lnx, ln y) can be written as G(lnx, ln y) = 0 with

G1i := lnS
(1)
i − A lnxi +B ln yi, i = 1, . . . , N,

G2i := lnS
(2)
i + C lnxi − E ln yi, i = 1, . . . , N − 1,

G2N :=
α

e
lnxN − β(σ − 1) + 1

(σ − 1)e
ln yN (linearized normalization wN = 1).
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Differentiating, we obtain,

∂G1i
∂ lnxj
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For the normalization row we have,

∂G2N
∂ lnxj

=
α

e
1{j = N}, ∂G2N

∂ ln yj
= −1 + β(σ − 1)

(σ − 1)e
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Ordering equations as (G11..N ;G21..N−1;G2N) vs. (lnx1..N ; ln y1..N) gives the block Jacobian
(treating W as fixed):
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where Sx = diag(sx1 , . . . , s
x
N) and S

(N−1)
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y
N−1), and the final normalization

row replaces G2N . Furthermore, ∆cong collects the four congestion-feedback blocks, i.e.
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
Because A depends on (x, y) via

∑
m Zm, the Jacobian with fixed aggregate labor (en-

dogenous W ) adds a rank-two adjustment:
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A perturbation of a single bilateral friction lnκkl,m enters G1k proportionally to (1 −
σ)µklskl,m and G2l proportionally to (1−σ)λklskl,m (no effect on the normalization row). By
the implicit-function theorem this yields

∂ ln yi
∂ lnκkl,m

= −(1− σ)skl,m

[
(DG)−1

y,ik,1µkl + 1{l ̸= N}(DG)−1
y,il,2λkl

]
,
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]
.

Aggregating to welfare with the weighting by fixed aggregate labor,

∂ lnW
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,

and substituting the responses produces an edge–by–nodes decomposition

d lnW

d lnκkl

=
1 + α + β

e
skl,m

{
µkl

∑
i

Li

L̄

[
(1− σ)(DG)−1

x,ik,1 + σ(DG)−1
y,ik,1

]
+1{l ̸= N}λkl

∑
i

Li

L̄

[
(1− σ)(DG)−1

x,il,2 + σ(DG)−1
y,il,2

]}

Defining, ρ ≡ 1+α+β
e

, we obtain,

d lnW
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(
Min

k +Mout
l

)
where,

Min
k ≡ 1
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∑
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Li
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(1− σ)(DG)−1

x,il,2 + σ(DG)−1
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]
as stated.

A.3 Proof of Corollary 1

With α = β = 0 we have e = 1 and D = 0. The log–linearizing variables reduce to

xi = W−1Li w
σ
i , yi = w1−σ

i ,
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and, under fixed aggregate labor
∑

i Li = L̄, the welfare aggregator is

Zi := xi y
σ/(σ−1)
i , A :=

(∑
m Zm

L̄

)σ−1

.

The two balance equations become

xi = Axi +
∑
k

κ1−σ
ik xk, (30)

yi = A yi +
∑
k

κ1−σ
ki yk. (31)

Define
S
(1)
i := Axi +

∑
k

κ1−σ
ik xk, S

(2)
i := Ayi +

∑
k

κ1−σ
ki yk,

and the shares

sxi :=
Axi

S
(1)
i

, µij :=
κ1−σ
ij xj

S
(1)
i

, syi :=
Ayi

S
(2)
i

, λji :=
κ1−σ
ji yj

S
(2)
i

,

so sxi +
∑

j µij = 1 and syi +
∑

j λji = 1. For α = β = 0, the log system is

G1i := lnS
(1)
i − lnxi = 0, G2i := lnS

(2)
i − ln yi = 0 (i = 1, . . . , N − 1),

plus the normalization G2N := − 1
σ−1

ln yN = 0 (i.e. wN = 1). Differentiating gives the block
Jacobian with W treated as fixed:

DG(W fixed) =


Sx − I + µ 0

0 S
(N−1)
y −

(
IN−1 − λ⊤

1:(N−1),:

)
0 − 1

σ−1
e⊤N

 ,

where Sx = diag(sx1 , . . . , s
x
N) and S

(N−1)
y = diag(sy1, . . . , s

y
N−1). Furthermore, let us assume

that λm = 0 for all modes m, which implies:

∆cong = 0

Because A =
(∑

m Zm/L̄
)σ−1 with Zi = xi y

σ/(σ−1)
i depends on (x, y) through

∂ lnA
∂ lnxj

= (σ − 1)
Lj

L̄
,

∂ lnA
∂ ln yj

= σ
Lj

L̄
,
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the fixed–L̄ Jacobian adds a rank–two term:

DG = DG(W fixed) +


(σ − 1) sx(L/L̄)⊤ σ sx(L/L̄)⊤

(σ − 1) sy(L/L̄)⊤
∣∣
1:(N−1)

σ sy(L/L̄)⊤
∣∣
1:(N−1)

0 0

 .

Introduce the compact low–rank factorization

DG0 :=


Sx − I + µ 0

0 S
(N−1)
y −

(
IN−1 − λ⊤

1:(N−1),:

)
0 − 1

σ−1
e⊤N

 ,

Ux =


(σ − 1)sx

(σ − 1)sy1:(N−1)

0

 , V ⊤
x =

[
(L/L̄)⊤ 0

]
,

Uy =


σsx

σsy1:(N−1)

0

 , V ⊤
y =

[
0 (L/L̄)⊤

]
,

Notice that we can write the Jacobian as the sum of a block-diagonal matrix DG0 and the
low-rank factorization using the aforementioned vectors,

DG = DG0 + UxV
⊤
x + UyV

⊤
y ,

where the inverse of the first summand is given by the inverse of a block-diagonal matrix,
i.e.

(DG0)
−1 =

B−1
x 0

0 B−1
y

 ,

with

Bx := Sx − I + µ ∈ RN×N , By :=

S(N−1)
y − (IN−1 − λ⊤

1:(N−1),:)

− 1
σ−1

e⊤N

 ∈ RN×N .
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Let U := [Ux Uy] and V := [Vx Vy]. An application of the Woodbury matrix identity gives

DG−1 = DG−1
0 −DG−1

0 U
(
I2 + V ⊤DG−1

0 U
)−1

V ⊤DG−1
0 .

Define the weights ωx := L/L̄ ∈ RN and ωy := L/L̄ ∈ RN (the latter acts on the N rows of
the y–block, with the normalization row contribution zero). Introduce the shorthand

Cx := ω⊤
x B

−1
x sx, Cy := ω⊤

y B
−1
y sy, mx := 1 + (σ − 1)Cx, my := 1 + σCy.

A direct calculation yields the 2× 2 core and its inverse:

M := I2 + V ⊤DG−1
0 U =

1 + (σ − 1)Cx σCx

(σ − 1)Cy 1 + σCy

 , detM = 1 + (σ − 1)Cx + σCy,

M−1 =
1

detM

 my −σCx

−(σ − 1)Cy mx

 .

A marginal shock to one friction enters as

∂G

∂ lnκkl,m

= (1− σ)


skl,mµkl ek

skl,mλkl el

0

 .

We need the L–weighted functional, for any column c of DG−1,

Ψ[c] :=
∑
i

Li

L̄

[
(1− σ)(DG−1)x,i;c + σ(DG−1)y,i;c

]
.

Define Ak :=
[
ω⊤
x B

−1
x

]
k

for k ∈ {1, . . . , N} and Bl :=
[
ω⊤
y B

−1
y

]
l
for l ∈ {1, . . . , N − 1}. For

the G1k column, by the Woodbury matrix identity we obtain,

DG−1e
(1)
k = DG−1

0 e
(1)
k −DG−1

0 U M−1V ⊤DG−1
0 e

(1)
k , DG−1

0 e
(1)
k =

B−1
x ek

0

 , V ⊤DG−1
0 e

(1)
k =

Ak

0

 ,

hence

DG−1e
(1)
k =

B−1
x ek

0

− Ak

detM

B−1
x

[
(σ − 1)my s

x − σ(σ − 1)Cy s
x
]

B−1
y

[
(σ − 1)my s

y − σ(σ − 1)Cy s
y
]
 .
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Applying Ψ[·] and simplifying using detM = 1 + (σ − 1)Cx + σCy, mx = 1 + (σ − 1)Cx,
my = 1 + σCy yields

Ψ[G1k] = − (σ − 1)my

mx

Ak = −
(σ − 1)

(
1 + σCy

)
1 + (σ − 1)Cx︸ ︷︷ ︸

=: my

Ak.

For the G2l column (l ≤ N − 1),

DG−1
0 e

(2)
l =

 0

B−1
y el

 , V ⊤DG−1
0 e

(2)
l =

 0

Bl

 ,

and therefore

DG−1e
(2)
l =

 0

B−1
y el

− Bl

detM

B−1
x

[
− σ(σ − 1)Cx s

x + σmx s
x
]

B−1
y

[
− σ(σ − 1)Cx s

y + σmx s
y
]
 ,

which gives

Ψ[G2l] = +
σmx

my

Bl =
σ
(
1 + (σ − 1)Cx

)
1 + σCy︸ ︷︷ ︸
=: mx

Bl.

The implicit-function step with ∂G/∂ lnκkl = (1− σ) [µklek; λklel; 0 ] then gives

d lnW

d lnκkl

= −Ψ

DG−1


(1− σ)µklek

(1− σ)λklel

0


 = −my µkl Ak + 1{l ̸= N}mx λkl Bl,

with my =
(σ − 1)(1 + σCy)

1 + (σ − 1)Cx

and mx =
σ(1 + (σ − 1)Cx)

1 + σCy

. Notice that these terms are

simply global scalars,

my =

[
−(σ − 1) (1 + σCy)

1 + (σ − 1)Cx

]
=

[
1 + σ

∑N−1
p=1

∑N−1
q=1

Lp

L̄
b̃ypqs

y
q

]
1 + (σ − 1)

∑N
r=1

∑N
s=1

Lr

L̄
b̃xrss

x
s

.

mx =

[
σ (1 + (σ − 1)Cx)

1 + σCy

]
k

=

[
1 + σ

∑N−1
p=1

∑N−1
q=1

Lp

L̄
b̃xpqs

x
q

]
1 + (σ − 1)

∑N
r=1

∑N
s=1

Lr

L̄
b̃yrss

y
s

.
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Using [
ω⊤
y B

−1
y

]
k
=
∑
i

Li

L̄
(B−1

y )ik,
[
ω⊤
x B

−1
x

]
l
=
∑
i

Li

L̄
(B−1

x )il,

and the flow-balance definitions Ξkl := µklΞk = λklΞl with node flows Ξk :=
∑

l Ξkl and
Ξl :=

∑
k Ξkl, we obtain the edge–by–nodes form

− ∂ lnW

∂ lnκkl,m

= skl,mΞkl

[
my

[
ω⊤
y B

−1
y

]
k

Ξk

+mx

[
ω⊤
x B

−1
x

]
l

Ξl

]
.

Equivalently, using the resolvent identities B−1
y = (I − λ̃)−1 (IN−1 − S

(N−1)
y )−1 and B−1

x =

(I − µ̃)−1 (I + Sx)
−1,

− ∂ lnW

∂ lnκkl,m

= σ skl,mΞkl

[
−
[
ω⊤
y (I − λ̃)−1(IN−1 − S

(N−1)
y )−1

]
k

Ξk

+
1− σ

σ

[
ω⊤
x (I − µ̃)−1(I + Sx)

−1
]
l

Ξl

]
.

Under the additional weighting identities

my
[
ω⊤
y (I − λ̃)−1(IN−1 − S(N−1)

y )−1
]
k
=

Ξk∑
i yi

, mx
[
ω⊤
x (I − µ̃)−1(I + Sx)

−1
]
l
=

Ξl∑
i yi

,

the expression collapses to the canonical edge–by–node formula

− ∂ lnW

∂ lnκkl,m

= skl,mΞkl [κk + νl], κk =
σ∑
i yi

, νl =
1− σ∑

i yi
,

and therefore
− ∂ lnW

∂ lnκkl,m

=
Ξkl,m∑

i yi
.

Applying the normalization
∑

i yi ≡ 1, we obtain,

− ∂ lnW

∂ lnκkl,m

= Ξkl,m.

as stated.
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